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O. Relational Preliminaries: Generator Provision and Stratification
Edward Anderson1
Abstract
We consider global issues with Relationalism: a first piece of Background Independence that resolves various
Problem of Time facets and is locally implemented by Lie derivatives. Spacetime Relationalism and Configurational Relationalism are quite similar, though the second of these requires supplementing with a heterogeneous
Temporal Relationalism. Avoiding both zeroes and Killing vectors is involved, as are some fibre bundle effects,
including bibundles, monopoles on configuration space and the Gribov effect. Most of Relationalism’s globality
follows from quotient configuration spaces being stratified manifolds. Nine distinct strategies for dealing with
stratified manifolds are compared. Compactness and metric-space guarantees for nice (in particular Hausdorff)
stratified manifolds are provided. Fibre bundles do not suffice for stratified manifolds, so general bundles, differential spaces, presheaves and sheaves are brought in instead. Hausdorff paracompact (HP) spaces continue
to afford simplifications, with some support when local compactness and second-coutability apply. Relational
Particle Mechanics, Gauge Theory and GR examples of these various global issues are provided.
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Introduction

Newton conceived of absolute space as follows [1], in contrast with his notion of relative space.
“Absolute space, in its own nature, without relation to anything external, remains always similar and immovable.
Relative space is some movable dimension or measure of the absolute spaces; which our senses determine by its
position to bodies; and which is vulgarly taken for immovable space ... Absolute motion is the translation of a body
from one absolute place into another: and relative motion, the translation from one relative place into another."
This is continuous, infinite, imperceptible (a generalization of invisible to all senses and sensors) and cannot be acted
upon. It is mathematically modelled by Euclidean R3 (with fixed origin O and fixed axes A). This also amounts to
assuming well-definedness globally in space.
Newton also considered motion to occur in time, his principal conception of which was absolute [1]. He explained
this, again in contrast with his corresponding relative notion, as follows.
“Absolute, true and mathematical time, of itself, and from its own nature flows equably without relation to anything
external, and by another name is called duration: relative, apparent and common time, is some sensible and external
(whether accurate or unequable) measure of duration by the means of motion, which is commonly used instead of true
time."
‘Equably’ here means ‘uniformly’. ‘External’ is in the sense of external to the physical entities under consideration.
This includes Newtonian time being an external parameter rather than a (dependent) dynamical variable. This
complies with the parametrization feature of time. It does not however comply with reparametrizability.
Newton’s absolute time tNewton is likewise continuous, infinite, imperceptible and cannot be acted upon. Its infiniteness is mathematically modelled by R. This amounts to assuming well-definedness holds globally in time itself. The
last two features run against operational meaningfulness. tNewton is also unique enough to avoid [234] multiplicity of
times, in fact for now too strongly so, out of contravening freedom of choice of calendar year zero and of tick-duration.
It is however straightforward to incorporate these features into one’s practical physical calculations.
In the Newtonian Paradigm, tNewton is used to transform geometry into far more physically predictive [111] Dynamics
[21, 84, 80]. Within the Newtonian Paradigm, this is taken to be a universal time – one time for all the bodies and
all the Laws of Physics. This precludes tNewton being position-dependent.
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1.1

Zeroth principles for Relational thought

The immovable external character of the absolute space and time – which the Newtonian Paradigm assumes – has
been abhorred by relationalists such as Leibniz [2] and Mach [7]. An alternative Relational Paradigm could start
along the following lines. (This subsection can be taken to underlie whichever of this article’s three Relationalisms.)
Relationalism-A) Physics is to solely concern relations between tangible entities [234].1
Two key diagnostics for these are as follows.
Relationalism-B) Tangible entities act testably and are actable upon. [Einstein attributed this to Mach.]
Things which do not act testably or cannot be acted upon are held to be physical non-entities. These can still be held
to be a type of entity as regards being able to philosophize about them or mathematically represent them. Absolute
space abs(d) is an obvious archetypal example of such a non-entity; carier space Carrier is a generalization of this.
Relational intuition is that imperceptible objects should not be playing causal roles influencing the motions of actual
bodies. As a first sharpening of this, James L. Anderson [41] posited that “the dynamical quantities depend on the
absolute elements but not vice versa", and also that an absolute object “affects the behavior of other objects but is
not affected by these objects in turn" [46].
Relationalism-C) [Leibniz’s Identity of Indiscernibles] [2] Any entities indiscernible from each other are held
to be identical.
This is a statement of physical indiscernibility eclipsing multiplicity of mathematical representation [234]. Such multiplicity still exists mathematically. The mathematical entity corresponding to the true physics in question, however,
is the equivalence class spanning that multiplicity. One would then only wish to attribute physical significance to
calculations of tangible entities. These are to be independent of the choice of representative of the equivalence class.
By this, e.g. our Universe and a copy in which all material objects are collectively displaced by a fixed distance surely
share all observable properties, and so are one and the same. An archetype [207] of such an approach in Theoretical
Physics is Gauge Theory [141]. This additionally factors in the major insight that a mixture of tangible entities and
non-entities is often far more straightforward to represent mathematically.

1.2

Leibniz and Mach’s space principles

The current article’s Spatial Relationalism aspect is grounded on the following relational considerations.
Leibniz’s Space Principle is that space is the order of coexisting things [2].
Mach’s Space Principle is that2 [7] “No one is competent to predicate things about absolute space and absolute
motion. These are pure things of thought, pure mental constructs that cannot be produced in experience. All our
principles of mechanics are, as we have shown in detail, experimental knowledge concerning the relative positions of
motions and bodies."
The current article does not dwell on this and the previous subsection’s generalities, or on Part II’s Leibniz and
Mach Principles concerning time. We develop a sharply mathematically implementable subset instead. This involves
separate treatments of time, and of ’space, configurations, dynamics and canonical (C) formulation’. This befits the
great conceptual heterogeneity between these (see Part I of [234] for a detailed exposition).

1.3

SR and GR spacetime

While time and space can be jointly geometrized as SR spacetime, this is remains external and absolute. Indeed SR
spacetime continues to be beset by objections of acting but not being actable upon, by this applying just as well
to SR’s class of inertial frames) [167]. We shall see however that, at the metric and differential geometric levels of
structure, GR is a satisfactory Paradigm Shift in this sense. Additionally, further relational postulates can be given
for spacetime.
Joint conceptualization of these spacetime (S) and C cases is in fact our first application of there being two copies
of the Lie claw: ‘S’ and ‘C’ are claw copy labels.
1 These

are not ‘just matter’, being thus-named for Heidegger’s philosophy of ‘what is a thing?’, via Isham (see e.g. the title of [194]).
is not to be confused with Mach’s Principle for the Origin of Inertia ([138], Section 3 of [234]). Or with anything else called
Mach’s Principle by some author or other (e.g. [138, 183] having an extensive selection of other such uses).
2 This
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1.4

Outline of this article’s global treatment

Part I begins by setting up Spacetime Relationalism [234, 258] in Sec 2, detailing its direct implementation in Sec 3,
and its indirect implementation [207, 234, 258] in Sec 4. Global issues here include global sensitivity of the generalized
Killing equation (GKE). The necessity for supporting Spacetime Generator Closure [234, 259] is outlined in Sec 5.
We next lay out foundations for Configurational Relationalism [2, 7, 87, 138, 190, 211, 234, 249, 252, 253, 258]
in Sec 6, with its direct [190, 207] and indirect [87, 207, 234] implementations considered in Sec 7, The need for
concomitant consideration of Closure of the constraints provided by Configurational Relationalism [211, 234, 250, 259]
is also included. We give examples of the configuration spaces involved [146, 190, 207] in Sec 8, with Relational
Theories’ – Shape Theories [96, 155] and Shape-and-Scale Theories [146, 207] – large recent increase in diversity
[207, 225, 231, 234, 242] sketched out in Sec 9. Global issues here include configuration space topology, and the
extent and uniqueness of Best Matching.
Part II begins by introducing our last type of Relationalism – Temporal Relationalism [2, 5, 7, 87, 131, 207, 211, 234,
248, 258] – in Sec 10. Implementations of Leibnizian timelessness are considered, along with how Mach’s ‘time is to
be abstracted from change’ returns an emergent time tem . Global issues here include Problems of Zeros, Infinities and
Smoothnesses (PoZIN) at the level of actions, viewed as geodesic principless (modulo conformal transformations),
and again at level of tem , and that multiple kinds of approximations only hold locally.
Interplay between Temporal and Configurational Relationalism [207, 211, 216, 224, 234, 252, 253, 258] is the subject
of Sec 11, with a Relational Particle Mechanics (RPM) [87, 123, 131, 190, 207, 211, 234, 236, 243] example in Sec 12,
and the GR-as-Geometrodynamics [34, 43, 123, 124, 210, 226, 234] example in Sec 13. The former realizes Leibniz
and Mach’s side [2, 7] of the Absolute versus Relational Motion Debate [1, 111, 138, 234], while the latter is the most
longstanding dynamical [12, 24] and canonical [34, 38, 43, 45] formulation of GR.
One of the Problem of Time facets started life as Wheeler’s Thin Sandwich Problem [35, 38], within the narrow context
of i) GR-as-Geometrodynamics, in particular its momentum constraint. ii) A Lagrangian variables level treatment.
Global issues here include ellipticity of the Thin Sandwich equation, and locality limitations on its solutions due to
PoZIN and spaces with Killing vectors. Conceiving in terms of Barbour’s Best Matching [87, 131, 166, 207, 234] is
a freeing from i) covering also RPM. The G-Act, G-All Method [6, 10, 207, 234] does away with ii) as well; it is
completely general, covering Spacetime Relationalism as well.
Further global treatment of Relationalism at the fibre bundle level of structure [207, 234] is given in Sec 14. This
includes comparison of fibre bundle and Lie derivative presentations, use of bibundles for Relationalism in the
dynamical and canonical formulations, monopoles on configuration space, Gribov effects for each of Gauge Theory,
diffeomorphisms, and at the level of Best Matching.
Part III then serves the current article’s plat fort of Global Methods. Upon taking quotients, strata often appear
in one’s modelling. We thus outline stratified manifolds differential spaces [19, 28, 40, 47, 110, 136, 164, 205, 217]
in Sec 15, followed by a conceptual classification thereof [242, 246] in Sec 16 and four strategies for handling strata
[66, 104, 132, 234, 242, 246, 247] in Sec 17.
Compactness (in particular proper [215]) selection principles for nice (in particular Hausdorff) stratified manifolds
[215, 159, 198, 160, 168, 246, 247] are given in Sec 18. The notion of slice, which has long been associated [33, 54,
50, 56, 103, 145, 160, 186] with more tractable stratified manifolds, is considered in Sec 19. A Metric Protection
Theorem selection principle to the same end [56] is entertained in Sec 20. Some more modern approaches to stratified
manifolds pair them with sheaves [164, 205] or with differential spaces [217], so we consider these structures in Sec
21. This line of work is specific to LCHP or LCHS spaces; both of these being HP, any sheaves involved are soft []
and the corresponding sheaf cohomology [] reduces to just Čech cohomology [].
Interplay between previously considered global effects and strata [116, 172, 234, 240] is outlined in Sec 22. Affine
and projective shape space examples of hard stratification [201, 232, 231, 242, 246, 247] are covered in Sec 23, as
are GR’s ‘superspacetime’ and SR’s ‘eventspacetime’. Five further strategies for dealing with strata are outlined in
Sec 24. Among these, Avoid Strata by Genericity [242, 247] plays an interesting part in a modern global version
of the Absolute versus Relational Motion Debate. The other four are all new to the current article: Local Shape
Theory Spectral Geometry [179] and Holonomy Group [77, 83, 129, 195] reconceptualizations of Shape Theory and
Recategorization [219] applied to Shape Theory. We conclude in Sec 25, including combination of this Article’s
various technical restictions. Supporting material on categories is given in in Appendix A, while further tools for
stratified manifolds are signposted in Appendix B.
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1.5

Overall comment on the current Article’s extension of Article –1’s scope

In-depth continuum modelling usually starts linear. It next involves manifolds (and bundles). It subsequently
entertains singular manifolds (and generalized bundles, presheaves or sheaves). ALRoPoT is region within a manifold–
bundle level by repeated use of locality (also Lie’s strategy). Going global pits us against singular manifolds. In
particular, stratified manifolds arise in reductive approaches. One only stands a chance in this regime if one has
acrued an understanding of topological spaces, general topology, topological manifolds and differential topology. One
then makes do with what more general topological spaces quotienting provides in place of topological manifolds. One
then considers which topological tools carry over. Hausdorffness is key, with HP, LCHP and LCHS ⇒ P being
furtherly significant.

Part I

Spacetime and Configurational Relationalisms
2
2.1

Spacetime Relationalism
Principles

Global Issue O.1 Since spacetimes are differentiable manifolds, some cannot be covered by a single chart. In
principle, this is readily overcome by use of a suitable atlas (c.f. Example α.1).
Simplification O.1) In the spacetime perspective, only one type of Relationalism is realized: Spacetime Relationalism.
This is mathematically sharply implemented as follows.
Postulate STR.a) Background Independence precludes a background spacetime metric. So no absolute or backgrounddependent properties are to be attributed to a such.
Notation Let us use s for whichever of the general space of spacetimes, of points or fields on spacetime, or of some
joint consideration of some of these.
Remark 1 In practice, Physics often requires a mathematically-convenient description involving physically-redundant
states subject to a physically-irrelevant group of transformations. We incorporate this as follows.
Postulate STR.b) Allow for a symmetry group of physically-redundant transformations GS to act on spacetime
hM, γ i.
Structure 1 Isham’s formulation [102] of what I have since termed (Spacetime or Configurational) Relationalism
involves ultimately working with quantities belonging to the reduced state space: a general quotient

se

:=

s
Aut(s, σ)

(1)

for some level of geometrical structure σ.
To include matter in spacetime, we update our principles as follows.
Postulate ESTR.a) Background Independence precludes a background spacetime metric and any background internal structures pertaining to particles or fields Φ on spacetime.
Postulate ESTR.b) Allow for a symmetry group of physically-redundant transformations GS to act on spacetime
and the fields thereupon, hM, γ, Φi.

2.2

Examples of automorphism groups as infinitesimally generated by Lie derivatives

Example 1 For GR in vacuo, the symmetry group is
GS = Aut(M) = Dif f (M) :

4

(2)

the spacetime diffeomorphisms.3
This is generated by the Lie derivative operator
£X

(3)

for unrestricted spacetime vector X. In other words, diffeomorphisms admit an infinitesimal representation in terms
of the Lie derivative.
Structure 1 Sec –I.8.7’s GKV restrictions provide many further cases.
Example 2 For SR’s flat spacetime, the KVs form
GS = Isom(M4 ) = P oin(4) = P oin(3, 1) .

(4)

Global Issue O.2 GKE solutions are sensitive to the topology of the underlying carrier space c . [I.e. the spacetime
case of Global Issue –I.I in the indefinite case.]
d

Example 3 Flat spacetime Gauge Theory, for which G = U (1).
Example 4 Yang–Mills Theory, for which G is an arbitrary Lie group K (perhaps restricted in the way argued for
in [141]).
Example 5 Einstein–Maxwell Theory, with G = Dif f (d) × U (1).
Example 6 Einstein–Yang–Mills Theory, with G = Dif f (d) × K.
Example 7 Other known GR exact solutions possess Killing vectors and thus have nontrivial isometry groups. The
maximal number of these in 4-d is 10. Aside from Minkowski, de Sitter and anti de Sitter have this many. Examples
with less include FLRW (7), Schwarzschild (3) and Kerr (2) spacetimes.

2.3

Examples of quotients

Example 1 For GR in vacuo, Physics unfolds less redundantly on the quotient

geom(M)

PRiem(M)
.
Dif f (M)

:=

(5)

I.e. on the space of equivalence classes of spacetimes on M modulo the corresponding diffeomorphisms on M [56,
102, 234] (occasionally previously called ‘Superspacetime’). This is hard to work on in many ways in practice.
This explains why we work with hM, γi and PRiem(M) while making ab initio allowance for Dif f (M)’s physical
rendundancy.
Example 2 We present here event relational space (for all that conventional approaches to SR do not however
perform such a quotient). Using D to denote spacetime dimension,
ER(D, N ) :=

Eq(D, N )
=
P oin(D)

q(MD , N )
P oin(D)

=

RN d, N

Rd, 1 o SO(d, 1)

=

Rn d, n
SO(d, 1)

.

(6)

Example 3 For Electromagnetism on flat spacetime, ‘U (1)-gauge orbit space’
Λ1
.
U (1)(R3 )

RΛ1 :=

(7)

Example 4 For Yang–Mills Theory on flat spacetime, ‘K-gauge orbit space’
RΛ1K :=

Λ1K
.
K(R3 )

(8)

Example 5- For GR minimally-coupled to matter fields in the absence of internal gauge freedom,

gEOM(M)

:=

PRIEM(M)
.
Dif f (M)

(9)

3 This extends to inclusion of effective matter, scalar field matter, and many sufficiently GR-like alternative theories of Gravitation.
Mathematicians usually say ‘automorphism group’ [58] rather than ‘symmetry group’. Only continuous transformations are modelled in
the current subsection’s local manner. See Fig 15 for a simple example of global modelling of discrete ‘large’ transformations.
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Example 5 In the presence of electromagnetic fields however,

gEOM(M, U (1))

:=

PRIEM(M)
.
Dif f (M) × U (1)(M)

(10)

:=

PRIEM(M)
.
Dif f (M) × K(M)

(11)

Example 6 In the presence of Yang–Mills fields,

gEOM(M, K)
g

Global Problem O.3) eom(M) has further global and topological issues, including those detailed in Secs 16.6
and 22.4. These are robust in the sense that including conventional matter does not ameliorate this. Being rooted
in a feature that even SR boosts exhibit, even SR’s ER has this kind of problem.

3

Direct implementation

It may be that one has a sufficient set of G-invariant objects with which to construct a Principles of Dynamics action
for one’s theory. By this, a direct approach is possible. In this setting, ‘a)’ Principles suffice. This setting is rather
more likely in the current section’s spacetime case than it is for Sec 6’s configuration space counterpart.
Simplification O.II) In the spacetime paradigm, direct implementation at the level of Principles of Dynamics
actions is possible.
Example 1

M4 -spacetime covariant actions.
Sφ =

Z

M4

d4 X



1
2

~ · ∂~φ − V (φ)
∂φ



(12)

Example 2 Indeed, for GR the Ricci 4-scalar is Dif f (M)-invariant and serves as the integrand of the Einstein–
Hilbert action for vacuum GR,
Z
q
GR
SEH
=
d4 X |γ | ( R[γ ] − 2 Λ )
(13)
M

Examples 3-6 All the abovementioned matter fields are minimally-coupled. Ordinary-looking matter term contributions to the Lagrangian for these are also spacetime scalars. The Direct Approach thus continues to apply.

4
4.1

Indirect implementation
G-Act G-All Approach

In many cases, however, working directly is not possible since reduced state space’s geometry is unknown, complicated,
or highly pathological (Secs 17 and 21). This is covered by a distinct indirect approach [207, 221, 234] which, at least
formally, is universal.
Structure 1 G-Act. If some object O is not G-invariant, it can be subjected to a group action
−→

O −→ Gg O .

(14)

This sends Object – the space of objects O – locally to Object × G. This looks to be a step in the wrong direction
as regards freedom from G. But this is doubly compensated for by following up by the below type of move.
Structure 2 G-All is an operation that uses all of G,

S

=

S g∈G .

(15)

This eliminates the object’s G-dependence,
O G-inv :=

S g ∈ G Gg O(Q) ,
→

(16)

sending us to the quotient space
^ = Object .
Object
G
6

(17)

Remark 1 Being G-invariant is not the only way in which a given set of objects can be of interest. For some (q, G)
pairs, moreover, invariants are unknown or nonexistent. There are more general concepts of ‘good G objects’, such
as G-tensors (of which G-invariants are but one example: G-scalars). Further possibilities include G-tensor densities
and ‘weak G-tensors’. This means modulo a linear function of the generators in parallel to Dirac’s notion of weak
equality. Auxiliaries are here being represented in terms of Q and G-bundle auxiliary quantities g.
Example 1 The familiar group averaging, which goes back to Cauchy,4

S

1 X
,
|G|

=

(18)

g∈G

in the finite case, or

S

Z

1

= R

g∈G

dgH ×

dgH

(19)

g∈G

in the compact Lie group case, where the H subscripts indicate Haar measure.
Example 2 The even simpler measure of the whole: the finite group sum
X
S =
,

(20)

g∈G

or the integral over a compact Lie group

S

Z
dgH × .

=

(21)

g∈G

Example 3 The next section makes considerable use of extremization

E g∈G

:= (extremum of g-dependent expression acted upon over G) .

(22)

[We pick out G-All operations using oversized doubly-curly calligraphic letters.]
Remark 2 Under some circumstances, a global maximum or supremum may be required,

S

=

g

sup
∈ G ,

(23)

S

=

g

inf
∈ G .

(24)

or a global minimum or infimum.

In other continuum applications, a local maximum or minimum would do. Even some other type of critical point
such as an inflexion will do, or an unqualified or unknown type of critical point.
Remark 3 Such use of extremization might also be referred to as ‘optimization’. This in general however comes
with the above local, inflexion, unqualified, unknown caveat.
Remark 4 In continuum cases, extremization can be approached by Calculus. Regardless of continuum, discrete
or intermediary standing, direct methods may be available. These include Direct Calculus of Variations or use of
Combinatorics.
Structure 3 The G-Act G-All Method can moreover be further generalized by inserting any well-defined Gindependent M aps between its operations:
O G-inv :=

S g ∈ G ◦ M aps ◦

→

Gg O .

(25)

Example a M aps is trivial in standard group averaging.
Example a0 M aps may however be inserted to extend this to weighted group averaging.
4 He used it in 1845 [6] to prove a version of what is now known as Burnside’s Lemma. It was only with Burnside’s own later work
[10], however, that group averaging entered common knowledge among mathematicians. See [75, 182, 137] for some basic modern uses in
Group Theory and Representation Theory.
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4.2

Lie derivative corrections

Structure 1 For Classical Physics with G continuous, the infinitesimal group action takes the form of a Lie derivative
[11, 14, 18, 27, 51] correction [207, 257]
O −→ O − £g O .
(26)
Structure 2 If STR-a) holds, these encode all infinitesimal continuous diffeomorphisms of spacetime. Suppose
instead just STR-b) holds. Then the Lie derivative corrections involved additionally need to preserve some further
level of geometrical structure σ, such as a metric m. Secs –I.7.3-4 and –I.8.7 outlined the theory for this.
Remark 1 We do not need any of this in forming spacetime actions.
Remark 2 At the level of perturbations [184] about a given spacetime, a point identification map is used, which also
implements Lie derivative corrections [119].
Structure 3 Overall, we have a G-Act, G-All procedure [207] for producing G-invariant versions of objects (25).
This includes an S-superscripted version for use in the current section’s Spacetime Relationalism context. This is
moreover general enough for use at any level of formulation. Our objects O can be not only action principles but
also e.g. notions of distance [175, 156], information [118, 234], correlation [165, 234], estimator [169, 155, 231], or
of quantum operator [70, 234]. In this way, all Problem of Time facet interferences that involved what has become
Configurational, or Spacetime, Relationalism, can in principle be banished for good.

4.3

Little and Large Methods

Spacetime Relationalism, like other Background Independence aspects, can be approached with Little Methods such
as Group Averaging or some particular extremization method, or with a Large Method: G-act, G-all. On the one
hand, Little Methods deal with a single facet piecemeal, but very generally fail to deal even with that same facet in
the presence of further facets. On the other hand, Large Methods have whatever generality it takes to successfully
combine the facet in question with all other facets.

5
5.1

Spacetime Generator Closure
Infinitesimal form of the generators

The infinitesimal-generator form of automorphism vectors is as per Fig 1.

Figure 1: Solutions of GKEs interconvert base object tensors to generator tensors. In the Background Independence setting, base object
tensors play 0) Relational roles, while generator tensors play 1) Closure roles, so this is a (0, 1) aspect interaction. We use bold 0-turn
underlines for 0)’s coordinate-free notation, and 1-turn-undelines for 1)’s. We continue this pattern with aspect 2)’s Observables having
2-turn underlines and aspect 3)’s deformations having 3-turn underlines. Keeping all these Tensor Calculi distinct is crucial to clear
understanding of, and exposition about, Background Independence and the Problem of Time. [This also applies to further subvariants
like spacetime, space, configuration space, phase space Tensor Calculi.] ∇ is the base objects’ gradient, and T is the 2-tensor straddling
the two different Tensor Calculi involved. This mechanizes (more precisely solders) the Tensor Calculus interconversion.

5.2

Lie brackets

Remark 1 Lie brackets are well-known to arise naturally in at least the following two ways.
i) Its zeroness ensures that second-order terms vanish for our infinitesimal transformations (c.f. Article –1)
ii) It arises in the integrability condition:
if X and Y solve flow PDE system P , |[X, Y ]| also solves P .
It is this case that is particularly significant in considerations of Closure.
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(27)

5.3

Weak equality

Definition 1 Let us use
≈

(28)

to mean equality up to a linear function(al) of the generators: Lie- alias generator-weak equality. This is the general
Lie arena’s extension of Dirac’s use of the same symbol to mean equality up to a linear function(al) of constraints:
Dirac- alias constraint-weak equality
Remark 1 In contrast, strong equality
=

(29)

is just equality in the usual sense; this clearly does not require any ‘constraint’/‘generator’ or ‘Dirac’/‘Lie’ qualifications.
Definition 2 Let us finally introduce
‘=’

(30)

to denote portmanteau equality: strong or weak. Having already used this for Dirac- alias constraint-portmanteau
equality in [234, 254], we now extend it to mean Lie- alias generator-portmanteau equality.
Remark 2 Closure as a Lie algebra is then of the schematic form
|[ G ,

G ]|

‘=’ 0 .

(31)

|[ G ,

G ]|

= 0 :

(32)

This is a portmanteau for the strong version
– a commuting Lie algebra – and the weak version
|[

,

G

G

]| = G ·

G

.

(33)

For Lie algebras, the G are structure constants G.

5.4

GR spacetime case
h



 
i
~ , S,
~ E
~ ~F
S,

=

−→

~ [E, F]
S,


=

S



~ £~ ~F
S,
E



.

(34)

for smearing variables E and F. This forms a Lie algebra,

gS = dif f (M)

(35)

which is infinite Rin the sense of having an infinite number of generators. E, F here are smearing functions, with
(A, B) denoting d3 y A(y) B(y) and [ , ] denoting differential-geometric commutator. This equation is a subcase of
generator-weakly vanishing Generator Closure.

Figure 2: a) Spacetime diffeomorphisms close as a Lie algebra.

5.5

SR Minkowski spacetime case

The Poincaré algebra P oin(4) = P oin(3, 1) = Isom

M4



has commutation relations [140]

[Pµ , Pν ] = 0 ,

(36)

[Mµν , Pρ ] = 2 ηρ[µ Pν] ,

(37)

[Mµν , Mρσ ] = 2(ηρ[µ Mν]σ − ησ[µ Mν]σ ) .

(38)

The first signifies that spacetime translations commute. The second means that spacetime translations are good
objects under Lorentz transformations (4-vectors). The third gives how the Lorentz transformations close as an
algebra, i.e. as so(3, 1).
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6
6.1

Configurational Relationalism
Principles

Configurational Relationalism consists of Spatial Relationalism [87] and Internal Relationalism (referring to
spatial gauge fields) in the sense of the following postulates.
CR-a) One is to include no extraneous configurational structures. These could be spatial or internal-spatial metric
geometry variables of a fixed-background rather than dynamical nature [207].
CR-b) Physics in general does not only involve a q; we already gave incipient q in Sec –I.15. A group GC of
transformations acting upon q that are taken to be physically redundant is often additionally considered as well
[6, 10, 87, 96, 155, 190, 207, 234, 245].
Remark 1 Again, the a)-postscript case is a matter of practical convenience: often redundant
envisage and calculate with.

q are simpler to

Structure 1 Quotient spaces then enter consideration as less redundant configuration spaces

qe

:=

q
G

.

(39)

See Secs 8–13 for examples.
Remark 2 The particular cases of this which we consider involve seeking to free oneself from a symmetric absolute
space. This is approached by quotienting out its automorphism group (to some level or other of geometrical structure).
This addresses the relational horn [87, 174, 207, 225, 234] of the Absolute versus Relational (Motion) Debate [1, 2, 7,
111, 138]. This horn is often contemporarily also referred to as ‘seeking Background Independence’ [37, 41, 189, 234].
Remark 3 Mechanics’ configuration space metric (–I.117) is unsatisfactory as regards CR.a) through involving the
Euclidean metric. Its GR counterpart (–I.119) is however satisfactory in this regard.

6.2

Notions of ‘distance’ on configuration spaces

Let M be a metric on configuration space Q. This supports an inner product
( , )M

(40)

|| ||M .

(41)

and a ‘norm’
Various such [96, 155, 87, 55, 207] can be built from the inner product and norm corresponding to the metric M on
configuration space q.
Definition F1 Configurational magnitude alias finite 1-slot is
F1 := ||Q||M .
Definition F2 Kendall’s construct (truer-name finite 2-slot) compares two finitely separated configurations,

F2 := Q, Q0 M .

(42)

(43)

Definition I1 Riemann’s construct (truer-name quadratic arc element or infinitesimal 1-slot) involves a single
difference between infinitesimally separated configurations,
ds = I1 = ||dQ||M .

(44)

As far as I know, this was first used in the present Mechanics context by Jacobi [5].
Definition I2 DeWitt’s construct (true-name infinitesimal 2-slot) compares two differences between infinitesimally
separated configurations,

I2 := dQ, dQ0 M .
(45)
Remark 1 For all that we use a ‘norm symbol’ above, this is only a bona fide norm of M is positive-definite.
This applies to standard (Rd ) Shape(-and-Scale) Mechanics but neither to GR nor to ≥ 2 degrees of freedom
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minisuperspace models. these other cases, the separation property of distance is lost, for the well-known reason that
null directions are supported.
Remark 2 Using a quadratic arc element in Mechanics is originally due to Jacobi.
Remark 3 F1 has no comparative content per se. One could then use
||Q||M − ||Q0 ||M

(46)

or some other distance function
d ||Q||M , ||Q0 ||M



.

(47)

Remark 4 Noting what I1 is gives a natural route to what DeWitt called I2 : a bitensor. It also makes sense to use
change tensor manifest notation, i.e. d2 B in place of I2 .
Remark 5 In 2-slot cases, whenever M depends on configurations, it is to be a symmetric function in the primed
and unprimed indices. This is relevant to GR but not to the standard unreduced Mechanics setting. E.g. DeWitt’s
supermetric features here also in bitensor form. Use firstly its homogeneous quadraticity in the spatial metric to
pass to linearity in unprimed spatial metric multiplied by linearity in primed spatial metric. Secondly, likewise in its
determinant factors, so

h1/4 h0 1/4 hac h0bd − hab h0cd .
(48)
Remark 6 For use of the above infinitesimal constructs, We rephrase CR-b) to reflect that G more strictly acts not
on q but on some fibre bundle structure thereover, such as T(q) in the case of Best Matching.

6.3

G-comparers for configuration space

Next suppose that there is an G acting upon q that is held to be physically irrelevant (or, more generally, irrelevant
to the modelling in question). In this way, the following structures arise.
Definition G-F1 The G-transformed 1-slot alias G-transformed configurational magnitude is
→

F1G :=

.

Gg Q

(49)

M

Definition G-I1 The infinitesimal 1-slot G-comparer alias Barbour–Bertotti G-comparer [87] is
→

.

Gg (dQ)

dsg =

(50)

M

Remark 1 This includes letting the G-action being matchingly infinitesimal, giving
dQ − £X(g) Q

||dg Q||M =

M

.

(51)

Remark 2 For 2-slot distances, a priori we have the choice of G-acting on the primed objects, unprimed objects
or both. Primed-unprimed symmetry wipes out the difference between the two single-action cases. Acting twice is
moreover equivalent to acting just once whenever equivariance applies [204]; for a map φ, this means that
φ(g x) = g φ x ∀ g ∈ G ,

∀ x ∈ X (the acted-upon set) .

(52)

Definition G-F2 The finite 2-slot G-comparer alias Kendall comparer [96] is
F2G :=



→

Q, Gg Q0

2



.

(53)

M

Definition G-I2 The infinitesimal 2-slot G-comparer alias DeWitt G-comparer [55] is
I2G

2

:= d BG =


dQ,

→
Gg

0



2

.

(dQ )

(54)

M

Remark 3 The first and third comparers having two arguments, one might contemplate acting on the other argument
instead. Since our objects are symmetric, however, this makes no difference.
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6.4

Kendall’s G-invariant comparer

Structure 1 This involves pairing the G-act version of (Kendall’s construct) = (finite 2-slot) with a G-all extremization,


→
S g ∈ G Q , Gg Q0 .
(55)
Example 1 Kendall used this in the following comparer to attain ‘minimal incongruence’ between similarity shapes
[96, 113, 144, 155, 231]:
min
(56)
(Kendall G-Dist) = θ ∈ SO(d) n Rotθ n ,
for N -body normalized centre-of-mass frame preshape vectors n.
Remark 1 Bringing shapes into minimum incongruence is not however a specification of a particular G-Act G-All
implementation.
Example 2 GR’s Thick Sandwich is named for its finite 2-slot core (the two ‘pieces of bread’ realized by initial and
final bounding hypersurfaces).

6.5

DeWitt’s G-invariant comparer

DeWitt [55] proposed his comparer in the GR-as-Geometrodynamics arena. He considered the double-multiple
integral, over primed and unprimed coordinates associated with the first and second 3-metric being compared.

6.6

Preliminary version of Best Matching G-invariant construct

Remark 1 A preliminary (pure Configurational Relationalism) version is as follows. Take the G-corrected Q̇ version
of the 1-slot comparer, divide by 2 to form kinetic energy and subtract V to form the Lagrangian. Integrate up to
form the action. Partner with extremization over G’s auxiliaries.
Remark 2 The full version (Sec 11) incorporates Temporal Relationalism as well; we shall see that GR’s Thin
Sandwich can be viewed in this light. Indeed, ‘Thin Sandwich’ refers to the 1-slot construct limit of the Thick
Sandwich’s 2-slot construct.

7
7.1

Implementations of Configurational Relationalism
Direct implementation, when possible

Remark 1 A few cases admit a direct formulation: we can write down a Mechanics action directly on the quotient
e [190, 207]. We call this a relational action. It is knowledge of (39)’s geometry, and this geometry happening
space q
to be simple and already well studied, may permit a direct approach.
Structure 1 Given a candidate pair (q, G), one seeks
the generators of G acting on

 to represent
∂
Q,
∂Q

q as
(57)

e ’s geometry is, and this so happens to be whichever of simple or
Remark 2 Suppose we know what a particular q
already well-studied. Then a direct approach may be possible. Much of Kendall’s work [155] on Similarity Shape
Theory benefits from this being the case in 2-d. (And in 1-d, though this case was already known prior to Kendall.)
Remark 3 We shall see in Part III that r-state spaces can be somewhere between hard and impossible to know
explicitly or to work with in practice. In this light, it is useful to develop indirect implementations of Configurational
Relationalism.

7.2

Little indirect implementations: Lie derivative corrections and Best Matching

Step 1) G-Lie-drag-correct the action’s velocities,
Q̇ −→ Q̇ − £g Q̇ .

(58)

The initial introduction of G corrections appears at first sight to be a step in the wrong direction as regards freeing
Physics on the configuration space q from the meaningless transformations G. For it extends the already redundant
space q of the Q to some joint space of Q and the G-auxiliary variables g. We shall counter this point in Sec 7.5.
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Example 1 A more common case [87, 207, 234] of this in the arena of Mechanics [207, 225, 234, 245] has G =
Eucl(d), for which
(59)
q̇ I −→ q̇ I − a − b × q I .
To obtain the G = Sim(d) case, subtract off c qI as well to obtain the Sim(d) case [174, 190, 207]. For now we
can consider this for a standard Euler–Lagrange action input, with our corrections introducing Lagrange multiplier
G-auxiliary coordinates.
For general G, we can obtain the form the corrections take by solving the corresponding GKE [225, 245].
Step 2) Vary our action with respect to these G auxiliary variables. The equations we obtain in this way are Lagrange
multiplier equations, and constraints, by which Configurational Relationalism is a Constraint Provider. These
constraints are furthermore linear in their momenta. For now we call them S huffle as they shuffle a configuration
until it is in minimal incongruence with a neighbouring configuration.
Step 3) complete extremization over G by solving the Lagrangian variables (Q, Q̇, g) form of these constraints for
the G auxiliaries themselves. We call these solutions ‘best-matched’ and the 4-step procedure we are developing Best
Matching [87, 131, 207, 234, 249, 252, 253].
Step 4) these ‘best-matched’ solutions can moreover be substituted back in the original action to obtain a reduced
action. This amounts to completing Lagrange multiplier elimination. Henceforth, we can proceed via this reduced
action.
Sec 7.7 provides further caveats as regards the remit in which the above procedure works.

7.3

Specific examples of constraints provided by Configurational Relationalism

Varying with respect to translational auxiliaries gives the
zero total momentum constraint
X
N
pI .
P :=
I=1

(60)

Varying with respect to rotational auxiliaries gives the
Xzero total angular momentum constraint
N
q × pI .
L :=
I=1 I

(61)

Varying with respect to rotational auxiliaries gives theX
zero total angular momentum constraint
N
D :=
q · pI .
I=1 I

(62)

7.4

Interlude: Constraint providers

The canonical brackets of constraints play a particularly significant role in Background Independence and the Problem
of Time. A second dilemma moreover accompanies these.
1) Constraints are a Given Starting Point, without question as to their origin. This position is quite common in
Applied Mathematics.
2) Fundamental Principles act as Constraint Providers. This position has arisen in Theoretical Physics, in particular
in Wheeler’s school [38, 43]. Fundamental principles thus entertained can moreover have a philosophical as well as
a physical character. Indeed, producing constraints is a way of successfully sharply mathematically implementing
certain philosophical principles. We introduce each aspect-and-facet piecemeal. We then proceed to show how a
Large Method version of a Little Method for the piecemeal facet combines with all other local such to provide
our local resolution of the Problem of Time. The first two facets thus introduced – Configurational and Temporal
Relationalisms – are moreover both Constraint Providers that sharply mathematically implement philosophical first
principles.

7.5

Configurational Constraint Closure

Remark 1 This supports the indirect approach, by working out for each example whether the constraints provided by Configurational Relationalism are self-consistent and functioning as expected. The expectation is that
Configurational Relationalism’s linear S huffle constraints are first-class and gauge.
Definition 1 First-class constraints [23, 39, 121] F irst are those that close among themselves under Poisson brackets.
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Definition 2 Gauge constraints G auge are those corresponding to gauge transformations (see e.g. [86] for an account
of these transformations).
Being linear as well in the present context, we denote these by F lin. If they are gauge constraints as well, we denote
this by G auge; see [121, 234, 259] for why this and F lin are not necessarily the same.
Remark 2 Constraints of this kind [39, 121] use up two degrees of freedom per G generator. This cancels out the
aforementioned ‘step in the wrong direction’, to the extent of removing that step and placing a second equal-sized
step in the opposite direction. Both the G auxiliary’s G-dependence and that of the original uncorrected action are
thus taken into account. Thus indeed one ends up on a q that is free of these redundancies – the quotient space

qe

=

q
G

−

as is required to successfully implement Configurational Relationalism.
Example 1 Eucl(3) has commutation relations:
{P , P } = 0 ,

(63)

{L, P } =  · P ,

(64)

{L, L} =  · L .

(65)

The first is commutativity between translations. The second indicates that translation constraints are good rotation
objects (more precisely vectors). The last gives the nontrivial algebra of rotations, i.e. so(3) = su(2).]
Example 2 For Sim(3), we have the further nontrivial commutation relations
{D, L} = 0 ,

(66)

.

(67)

{D , P } =

P

The first is rotation–scale independence.

7.6

Large indirect implementation: G-Act G-All Method

Structure 1 The Large Strategy for Configurational Relationalism is the configurational relationalizing map CR.
This contains a G-Act move followed by a G-All move, and applies to a vast range of objects O. In symbols,
CR(O) := O G-inv :=

S g ∈ G ◦ M aps ◦

→

Gg O .

(68)

Remark 1 In support, we further rephrase Sec 6.2’s modification of CR-b) to cover general bundles over general
topological spaces as well as just fibre bundles.

7.7

Global considerations

Global Issue O.4 In the case of Configurational Relationalism, GKEs are elliptic PDEs (a subcase of Global Issue
–I.V).
Global Problem O.5 Best Matching’s extremum may not exist (everywhere), may not be unique (somewhere),
and may not give a minimum. Furthermore, even some of the minima it gives may be just local rather than global
minima (i.e. a subcase of δ.3).

7.8

Relational and reduced coincide: r-configuration space

e
In the fortunate few cases admitting a direct formulation, we can write down a Mechanics action directly on q
[190, 207]. We call this a relational action; [207] moreover showed that reduced and relational coincide for sim and
Eucl relational theories. By this, the joint-summary name r-formulation
is appropriate in cases of confluence. In the
 
e .
r-formulation, one can work solely with G-invariant objects O Q
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8
8.1

Examples of r-spaces
Geometrically trivial examples

Example 1) Translation-invariant Mechanics has relative space:

r(d, N )

:=

q(d, N )
T r(d)

=

RN d
Rd

=

Rn d ,

(69)

as its r-configuration space, for independent relative particle separation number n := N − 1.
Remark 1 In the Newtonian Paradigm, this amounts to passing to the centre of mass frame as a matter of convenience. In the Relational Approach, on the other hand, the centre of mass position for the whole Universe is a fortiori
meaningless. In either case, setting the more usual theories of Mechanics free from overall translations is trivial. Let
us next follow through what happens to this as one removes the absolute origin 0, axes A and scale S [96, 155, 207].
Remark 2 Fig 3 presents various useful coordinate systems for r(d, N ).

Figure 3: Coordinate systems for 3 particles in each of 1- and 2-d.
a) Absolute particle position coordinates (q , q , q ). These are defined with respect to fixed absolute origin O and axes A.
1
2
3
b) Relative inter-particle (Lagrange) coordinates r, which are related to the q by eq. (70). In the case of 3 particles, any two form a
basis. No absolute origin enters their definition, but reference is still made to fixed A.
c) Relative particle inter-cluster mass-weighted Jacobi coordinates ρ; these are more convenient but still involve A. × denotes the centre
of mass of particles 2 and 3.
d) For 3 particles in 2-d, use the magnitudes of the two Jacobi coordinates and define Φ as the ‘Swiss army knife’ angle of (91). This is a
relative angle, so, unlike the ρ, these three coordinates do not make reference to absolute axes A. Finally, the relative angle Φ and some
function of the ratio (88) constitute pure-shape coordinates. In particular, (90) gives the azimuth to Φ’s polar angle.

Structure 1 Relative Lagrange coordinates: some basis of relative inter-particle separation vectors
rIJ := q J − q I ,

(70)

are conceptually simple natural coordinates for this. Fig 3.c)–d) illustrate these for 3 particles in 1- and 2-d.
Remark 3 Not all of the relative Lagrange coordinates are however independent. This can be circumvented by
picking a basis of two of them. But this leaves the inertia quadric in non-diagonal form.
Structure 2 Diagonalizing the inertia quadric leads us on to relative Jacobi coordinates. These are more mathematically convenient to work with. These are a more general notion of particle cluster separation vectors, i.e. particle
subsystem centre-of-mass separations. They include the relative Lagrange coordinates as a special subcase: the one
for which the particle subsystems at both ends consist of one particle each. This is by viewing this particle as the
location of its own centre of mass.
Example 1 For the N = 3 body problem, the relative Jacobi coordinates are
R1 = q 3 − q 2 and R2 = q 1 −
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m2 q 2 + m3 q 3
m2 + m3

,

(71)

with corresponding Jacobi masses
µ1 =

m2 m3
m1 (m2 + m3 )
and µ2 =
.
m2 + m3
m1 + m2 + m3

(72)

Structure 3 The diagonal form for the kinetic matrix in relative Jacobi coordinates is
µ with components µijAB := µA δij δAB ,

(73)

for µA the corresponding Jacobi inter-particle cluster reduced masses µA .
Structure 4 One can furthermore pass to mass-weighted relative Jacobi coordinates
ρi :=

√

µi Ri (i = 1 , 2) .

(74)

These leave the inertia quadric’s matrix as the identity, and furthermore turn out to be shape-theoretically convenient
to work with. The kinetic metric is now just an identity array [207]
U with components UijAB := δij δAB

(75)

with corresponding kinetic arc element
ds = ||dρ|| .

8.2

(76)

Relational Theories

Definition 1 Relational Theory [53, 87, 139, 146, 170, 185, 207, 243] is the study of some constellation space as quo-
tiented by some geometrically-significant automorphism group of Carrierd . This makes sense because Aut Carrierd , σ ’s

action on Carrierd readily uplifts to an action on q Carrierd , N by the latter’s product space structure.
Definition 2 Suppose the geometrical automorphism group in question includes global scale. Then we say that the
corresponding Relational Theory is a fortiori a Shape Theory.
Definition 3 If not, then we say that the corresponding Relational Theory is a fortiori a Shape-and-Scale Theory.
Remark 1 ‘Relational Theory’ is thus a portmanteau of Shape Theory and Shape-and-Scale Theory, also sometimes
called Shape(-and-Scale) Theory.

8.3

Preshape space

Kendall’s Shape Theory [96, 113, 155, 144, 230, 231] is a trove of reduced configuration space geometry work greatly
advancing Relational Mechanics (see [207, 234, 236, 237, 238, 243]).
Structure 1 If absolute scale is also to have no meaning, the configuration space is Kendall’s preshape space [155]

p(d, N )

:=

r(d, N )
Dil

=

Sn d−1 .

(77)

Definition 1 Normalized mass-weighted relative Jacobi coordinates for this are
n with components niA :=

ρiA
ρiA
= √ .
ρ
I

(78)

I is here the moment of inertia and ρ is the configuration space radius (alias hyperradius [25] in the Molecular Physics
literature).
Structure 2 Preshape space naturally carries [96] the hyperspherical metric
X
Y
d
p−1
ds2 =
sin2 θm dθp 2 .
p=1
m = 1

(79)

The θm coordinates here are related to ratios of the ρA in the usual manner, in which hyperspherical coordinates are
related to Cartesian ones [207].
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8.4

Shape space

Structure 1 If neither absolute axes A nor absolute scale S are to have no meaning, then the configuration space is
Kendall’s [155] Shape space
(d, N )
Sn d−1
s(d, N ) := qSim(d)
=
,
(80)
SO(d)
Subcase 1 In 1-d, since there are no rotations,
s(1, N ) =

p(1, N )

=

Sn−1

(81)

both topologically and metrically.
Subcase 2 2-d is also directly tractable. Kendall’s Shape Theory [96, 113, 155] (see also [144, 158, 212, 230, 231]
for reviews) is a trove of reduced configuration space geometry work greatly advancing Relational Mechanics (see
[207, 234, 248, 249, 250, 243]). In fact, [53] Smale had already shown that

s(2, N )

=

Sn d−1
SO(2)

=

Sn d−1
S1

=

CPn−1

: (complex-projective spaces) .

(82)

Kendall [96] showed that this has standard Fubini–Study metric
2

ds

=


(1 + ||Z||2C ) ||dZ||2C − |(Z · dZ)C |2
,
2
(1 + ||Z||2C )

(83)

The C suffix here denotes the Cn−1 version of inner product and norm. The inhomogeneous coordinates Z’s indices
run over n − 1 copies of C; they are ratios of complex Jacobi coordinates Z,
Remark 1 In 2-d (i.e. for planar figures) Kendall’s comparer reduces to
 

0
.
arccos Ẑ · Ẑ
C

(84)

where the narrow hats denote unit vectors. This formula can additionally be used to model matching pairs of curves
[204].
Subcase 3 For N = 3, subcase 2 furthermore reduces to the shape sphere of triangles, by the topological and
geometrical coincidence
s(2, 3) = CP1 = S2 .
(85)
Metrically, (83) collapses to
ds2 =

dZ 2
(1 +

2
|Z|2 )

= dΘ2 + sin2 Θ dΦ2 .

(86)

We have here made use of the polar form
Z := R exp(i Φ) .
The ratio of mass-weighted Jacobi magnitudes
R :=

ρ1
ρ2

(87)
(88)

plays the role of stereographic radius on the shape sphere. The venerable substitution
R = tan

Θ
2

(89)

then finally takes us to what are mathematically standard spherical coordinates. Inverting, Triangleland’s azimuthal
coordinate is
 
ρ2
Θ := 2 arctan
.
(90)
ρ1
Finally, Triangleland’s polar coordinate is the ‘Swiss Army knife’ relative angle
Φ := arccos (ρ̂1 · ρ̂2 ) .

(91)

Global Structure O.1 The 2-d shape-theoretic implementation of the extended generalized Hopf map, as laid out
in Fig 4, is also useful to the development of this relational example. This is a whole-space fibre bundle construct.
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Figure 4: a) In the special case of the triangle, the extension involves unit maps U and coning maps C.
b) Its shape-theoretic implementation using eqs (69, 77, 85, 101).
c) In the general case, the extension involves unit maps U and coning maps C. The tilded maps are now other than between spheres and
their ambient real spaces of dimension one higher.
d) Its shape-theoretic implementation, for k = n − 1 and using eqs (69, 77, 82, 98).
Definition 1 The extended Hopf map is HC ’s associated Cartesian coordinates bear (moving left) the following
relation to the mass-weighted relative Jacobi interpretations and 3-Body Problem specific interpretations (moving
right; see [250] for detailed interpretation).
(92)
2 ρ1 · ρ2 = Hopfx = ( anisoscelesness ) ,
2 (ρ1

×

ρ2 )3 = Hopfy = ( 4 × area ) ,

ρ1 2 − ρ2 2 = Hopfz = ( ellipticity ) .

(93)
(94)

These each have the coordinate range (−∞, ∞).
Structure 2 See Fig 5.b) for where some of the most qualitatively distinctive triangle shapes-in-space are realized
in the triangleland shape space.

Figure 5: a) Types of configuration for 3 particles in a) 1- and b) 2-d. ‘Tight’ is used here as in ‘tight binary’ from Celestial Mechanics
and Astronomy.
c) 3-stop metroland ‘clock face’.
d) Triangleland in 2-d [113, 207, 220, 238]. Equilateral triangles E are at its poles, whereas collinear configurations C form its equator.
C separates hemispheres of clockwise and anticlockwise oriented triangles. There are 3 bimeridians of isoscelesness I corresponding to 3
labelling choices for the vertices. T and F superscripts stand for ‘tall’ and ‘flat’. C ∩ I gives 3 binary collisions B [170, 185, 220], which
are moreover topologically significant, and 3 uniform collinear shapes U. Each of these triples lies on the equator, with each member at
2π
, and the two triples at π3 to each other.
3
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Remark 3 Such tessellations provide a useful ‘interpretational back-cloth’ (c.f. Fig 5.d) for the study of dynamical
trajectories, probability distributions and quantum wavefunctions. This method was originally applied in the Shape
Statistics setting by Kendall [113]: he termed this method ‘spherical blackboard’. See Fig 5 for details.

8.5

Relational space

Structure 1 If instead absolute axes are to have no meaning, then the configuration space is
q(d, N ) = Rn d .
relational space R(d, N ) :=
Eucl(d)
SO(d)

(95)

Reference to absolute axes A (but not to absolute scale S) is now removed by restricting attention (Fig 3) to the
triple consisting of the following.
Structure 1 The relative Jacobi magnitudes ρa (a = 1, 2) and the Swiss army knife angle Φ between the ρa . This
triple constitutes relational scale-and-shape data for the triangle.
Global Structure O.2 Let us next introduce a generalized notion of cone [162] over some topological manifold m.
This is denoted by C(m) and takes the form
C(m) = m × [0, ∞)/ e .
(96)
e here signifies that all points of the form {p ∈ m , 0 ∈ [0, ∞)} are ‘squashed’ or identified to a single point
called the cone point, 0. This notion moreover extends to all other topological spaces hX, Ti.
Proposition 1 At the metric level, given a manifold m in possession of a metric with line element ds, the corresponding cone has a natural metric of the form
ds2cone := dρ2 + ρ2 ds2 , (for ρ ∈ [0, ∞) a ‘radial’ coordinate) .
(97)
Relational space is just the cone over shape space [207]. This cone structure renders clear the geometrical meaning
of the scale–shape split for ERPM.
Structure 3
R(d, N ) = C(s(d, N )) ,

(98)

at both the topological and geometrical levels. The cone point here is the maximal collision O, at which all the
particles coincide.
Corollary 1 i)
R(1, N ) = C(s(1, N )) =

Rn

(99)

with standard flat metric.
ii)

R(2, N ) = C(s(2, N )) = C(CPn−1 )

(100)

with cone metric over the standard Fubini–Study metric (83).
iii)
R(2, 3) = C(s(2, 2)) = C

CP1



= C

S2



=

R3

(101)

topologically, albeit not with the flat metric:

dI 2 + I 2 dΘ2 + sin2 ΘdΦ22
.
ds =
4I
It is, however, conformally flat [108, 207]: just apply the conformal factor 4 I to the second form of (102).
2

8.6

(102)

Minisuperspace

Structure 1 For these GR models, space is homogeneous, meaning that every point has the same properties. This
is a considerable simplification. The space of all of the homogeneous metrics on a given spatial topology Σ is
Minisuperspace [48, 59]
Mini(Σ) .
(103)
The simplest choice is Σ = S3 ; this is also the most conventional for closed-universe cosmologies. One needs at least
2 degrees of freedom, and Cosmology conventionally makes use of scalar fields [71, 93] alongside the scalefactor of the
universe, a. The simplest case brings in one minimally-coupled scalar field. The q metric for this Minisuperspace is
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(up to a conformal factor of a3 ). This is just 2-d Minkowski spacetime
metric.

M2 equipped with its standard indefinite flat

Sub-Example 2 Other models considered accompany the scalefactor a with anisotropies: two β± or the larger set
of β (numbering 5, by anisotropy’s tracelessness).
Structure 2 Let us also introduce

ani(Σ)

(104)

to denote the anisotropyspace that these form (this Series only considers the β± case in any detail).

9

Large recent increase in diversity of (Scale-and-)Shape Theories

There has recently been a large increase in diversity of (Scale-and-)Shape Theories. Again, the first motivation
bringing this about was Shape Statistics [231]. Subsequent work considered Mechanics [225], Background Independence [225, 234] and Differential Geometry. There are various ‘axes of generalization’ as embodied by the below
subsections; one can moreover apply whichever combination of these generalizations.

9.1

Conformal shape space

e. For Rd for d ≥ 3, this is the conformal group
Let σ the conformal level of structure g
Aut Rd = Conf (d) = SO(d, 1)

(105)

of T r(d), Rot(d), Dil, and special conformal transformations K(d) [239].
(conformal shape space) a(d, N ) :=

q(d, N )
Conf (d)

=

RN d
.
SO(d, 1)

(106)

Little is known about Conformal Shape Theory for now, its use in the current Series being that of a foil.

9.2

Affine shape space

For σ the affine level of structure A, for which
Aut(Rd ) = Af f (d) = T r(d) × GL(d, R) =

Rd

× (SL(d, R) ×

R+ )

(107)

for GL(d, R) the general-linear group of dilations, rotations, shears Sh(d) and Procrustes stretches P r(d) [31].
(Affine shape space)

a(d, N )

:=

q(d, N )
Af f (d)

=

S n d−1
SL(d, R)

(108)

This is the case corresponding to Image Analysis from the idealized perspective of an infinitely distant observer
[151, 177, 231].

9.3

Projective shape space

For σ the projective level of structure, for which

Aut Rd = P roj(d) = P GL(d, R) .
(Projective shape space) P(d, N ) :=

q(d, N )
Af f (d)

=

(109)
(RPd )N
P GL(d, R)

(110)

Image Analysis and Computer Vision’s Affine Shape Theory’s images as seen by an ideally-small camera lens from
finite positions by an ideally-small camera lens are modelled by this space [231].

9.4

Poset of CALAFEs

Structure 1 Given a topological space hX, Ti, we go through the corresponding poset of GKEs to get the admissible
geometrically significant automorphism groups. This provides a systematic way of arriving at the previous two
sections’ examples, as well as precluding various further possibilities not mentioned there from being distinct. The
overall output is the poset of Fig 6. We thus also have a poset of Killing Differential-Geometric version of Klein
geometries.
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Structure 2 Considering projective and conformal groups separately as ‘top groups’ [244] of geometrically-meaningful
automorphisms in flat space, one is dealing with bounded lattices of geometrically significant subgroups. My t nomenclature denotes ‘top group’, with its C or P subscripts further standing of ‘conformal’ and ‘projective’.
Remark 1 The competing bounded lattices point of view is that in flat space one can either extend sim(d) with
special-conformal generators or with affine generators, these two sets of generators being incompatible with each
other. This reflects that affine shears do not respect the angles preserved by conformal transformations, while
conformal transformations do not respect the top form ratios preserved by affine transformations. Article 2 further
spells out which invariants are associated with which geometry. In the case of the affine generators, moreover, special
projective generators can furthermore be added. As Article 3) recalls (see [244, 261] for the original work), this leaves
no possible (bosonic!) generators to add. For we have by now exhausted the quadratic ones, while the cubic and
higher ones cascade to infinity (a matter explained in Article 1).

Figure 6: a) Lattice of 5 subgroups of the similarity group Sim(d), with simplified version in 1-d in b).
c) is the corresponding dual lattice of configuration space quotients. This is specialized to dimension 1 in d), 2 in e), and furthermore to
the 3 particles in 2-d of triangleland in f)
g) Red-and-yellow is the conformal lattice in competition with the green-and-yellow projective lattice; see [31, 225] for Equi(d) and its
corresponding relational theory.

9.5

Relational Theories are geometrically nongeneric

The preceding subsection gives structural clarity, and moreover provides a systematic procedure for finding geometricallysignificant automorphism groups.
We observe a rapid loss of Rn ’s complexities; any of moving away from maximal symmetry, introducing curvature, or
introducting topological identification rapidly cuts down on the number of geometrically-significant automorphism
groups, and consequently of Relational Theories.
Let us next consider generic geometrically-equipped differential manifolds.
Definition 1 A common sense of manifold genericity is
Isom(md ) = id .

(111)

We now interpret this moreover more specifically as metric-level genericity.
Remark 1 Metric genericity however does not suffice for our purpose of characterizing manifolds supporting no
nontrivial relational theories. Our first generalization is as follows.
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Definition 2 Geometric genericity,
all Gen-Isom Carrierd



= id .

(112)

Remark 2 This generalization does not moreover cover how Projective Shape Theory is assigned. Including this
case can require that


d−1
P roj p
= id
(113)
as well, for p
the projectivized version of the incipient carrier space. How far this definition extends is an issue
that the continuing conceptual development of Projective Shape Theory will need to face. It is clear for flat space
(including indefinite and Grassmannian cases).
d−1

Definition 3 So we have a genericity condition consisting of geometric genericity of carrier space Carrierd and its
d−1
projectivization p .
Proposition 1 For Carrierd generic, and using R to denote relational space with no implications made as to whether
it is a shape or shape-and-scale space,


q Carrierd , N 
×NI = 1 Carrierd = ×N Carrierd . (114)
d
d
=
R Carrier , N ; Gen-Isom Carrier
=
I =1
id
Gen-Isom Carrierd
Also (if defineable)




R





pd−1 , N ; Gen-Isom pd−1



=

q pd−1 , N


d−1
Gen-Isom p

=

×NI = 1 pd−1
id

=

×NI = 1 pd−1

(115)

are the only options available for relational spaces, and corresponding relational theories. I.e. just the constellation
space and the projectivize constellation space. Generically, distinct Shape Theories and Shape-and-Scale Theories
are not supported. This is an argument against ascribing fundamentality specifically to Shape Theories.
Corollary 1 Both of the above relational spaces are moreover just product spaces. Thus in the Mechanics case,
quotienting by groups of continuous transformations is avoided altogether. Indeed, such finite products of topological
spaces preserve initial Hausdorffness, second-countability and local Euclideanness. So these constellation spaces
d−1
inherit Carrierd and p ’s manifoldness.

9.6

Spaces of spaces

Global Problem O.6 Given a system’s configurations, what is the topology of the configuration space? What
further natural mathematical structures does it carry? In this series, this refers to geometrical levels of structure σ
such as any natural metric geometry that it carries; in other contexts, however, Article –1’s Arenize map may take
one elsewhere [114, 222, 234].

9.7

Reduced tangent space and prephase space

Global Structure O.3 Reduced tangent space (to begin with implemented as configuration–velocity space)
T(^
q(s)) =

T(q(s))
.
Aut(q(s))

(116)

Reduced pre-phase space (i.e. configuration–momentum space5 )
^ s) = Prephase(s) .
Prephase(
Aut(q(s))

(117)

2) and 3) readily admit analogues for each of the above subexamples.
Remark 1 See [225, 234, 245] for a wider repertoire of such subexamples, the above being the ones used to illustrate
points in the current Series.
5 Upon allotting a Poisson bracket, this becomes phase space, but with this allocation not having occurred yet since it is part of
Closure.
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Part II

Bringing in Temporal Relationalism
10

Temporal Relationalism by itself

Adopting a split space-time approach ‘C’ (space, configuration space, dynamics or canonical) requires further consideration of Temporal Relationalism.

10.1

Leibnizian timelessness

Leibnizian Time(lessness) Principle There is no time at the primary level for the Universe as a whole [2, 131, 234].
The following two-part selection principles give a mathematically-sharp implementation [87, 207] at the level of
Principles of Dynamics actions, according to the following postulates.
Temporal Relationalism a) Include no extraneous times or extraneous time-like variables [207].
Temporal Relationalism b) Include no label times either [207].
Remark 1 If time is not primary, moreover, we need to study whatever other entities that are still regarded as
primary. Configurations Q and configuration spaces q constitute a starting point for this. A further reason to
consider Configurational Relationalism prior to Temporal Relationalism thus arises.
Remark 2 Since each of external time and label time can be viewed as 1-d time metrics, each Relationalism contains
some element of freedom from fixed-background Metric Geometry.
Remark 3 By b), one cannot however make use of the usual difference-type Euler–Lagrange action [3, 4, 84, 21]
since this depends on Newton’s extraneous notion of absolute time [1].

10.2

Temporally Relational actions

Structure 0 We consider for now Physics action principles that are homogeneous quadratic in the velocities. The
familiar Euler–Lagrange action
!
Z
Z
Z
2
dQ
1
Newton
Newton
− V (Q) dtNewton
(118)
S =
L dt
=
(T − V )dt
=
2 dtNewton M
makes reference to Newtonian time tNewton . Since this is extraneous, this action does not complying with TR-a).6
Structure 1 We thus replace this difference-type action with a product-type action, various forms for which are as
follows.
s
Z
2
√ Z √
√ Z √
1 dQ
S = 2
W
dλ = 2
W ||dQ||M = 2
W ||£d Q||M .
(119)
2 dλ M
complies with Temporal Relationalism, encompassing four progressively superior formulations in this regard.7
Remark 1 In form i), velocities and integration are now with respect to a ‘label-time’ parameter λ. This still fails
to meet Temporal Relationalism b). It is however Manifestly Reparametrization Invariant (MRI) [39, 207], since
switching to a label-time µ gives an equivalent action by cancellation of the label-time coordinate changes (Fig 7).
Remark 2 Complying with TR-b) requires instead the Manifestly Parametrization Irrelevant (MPI) form ii) [207].
By “parametrization” entering its name, however, this is still not nominatively free of the physically meaningless label.
This second form admits however a dual interpretation ii0 ) as a (q-)geometrical action [234]. ‘Geodesic principle’
[59, 131] is a partial alias for this, parageodesic principle [59] – geodesic principle up to conformal factor – being a
truer name.
6 The

other notation used here is the potential term V = V (Q), and the kinetic term T
components MAB is the kinetic metric on the Q’s configuration space q.
7 The potential factor W = W (Q) := E − V (Q) for E the total energy
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=

1
2

dQ
dtNewton

M

, where M with

Remark 3 All three of the preceding notions of action are commonly referred to as Jacobi’s action [5, 21, 80]. The
geometrical action interpretation is moreover the most common one in the literature (and the only interpretation
known to occur in the first century of literature on the subject). That the geometrical action admits a dual temporal
interpretation has been rediscovered a number of times [258].
Remark 4 The second form above is expressed in terms ofp
change dQ in place of velocity, of kinetic arc element
MAB dQA dQB
(120)
ds = ||dQ||M =
in place of kinetic energy, and of Jacobi arc element
p
√
√
dJ = 2 W ds = 2 W ||dQ||M =
2 W MAB dQA dQB

(121)

in place of Lagrangian.
Remark 5 Form iii) given for the action emphasizes its Lie content as part of identifying Problem of Time facets’
underlying Background Independence aspects as just parts of Lie Theory. We term this the Lie–differential geometric
action. Fig 7 also includes pinning the Lie interpretation on the MRI action. It is then clear that there is an
overarching three-interpretation Lie–Jacobi action [258] parallel of the Jacobi action.

Figure 7: Inter-relation of this article’s four implementations of Temporal Relationalism at the level of actions i-iii). The λ to µ
transformation in the first implementation is furthermore monotonic. This ensures that no zero factors – local or global frozennesses –
sneak in under the guise of dµ/dλ terms.

Remark 6 Newtonian Theory’s Lagrangian variables are thus replaced successively by

Q, Q0 , 0 := d/dλ :

(122)

parametrized Lagrangian variables. Then
(Q, dQ) :
geometrical mechanics alias configuration–change alias Jacobi–Mach variables. Finally
(Q, £d Q) :

(123)
(124)

Lie differential-geometrical mechanics alias configuration–Lie-change alias Jacobi–Lie–Mach variables.
Global Structure O.4 The tangent bundle T(q) is here realized as configuration–parametrized-velocity space in the
MRI form, as configuration–change space in the MPI or dual geometric form, and as configuration–Lie-change space
in the final Lie-differential-geometric form.
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Example 1 Temporally Relational and yet Spatially Absolute Particle Mechanics’ Jacobi action [87, 131, 207, 225,
234] has action
√
√ Z
(125)
S = 2 ds W .
for kinetic arc element built from a quadratic metric.
Example 2 Minisuperspace GR’s Jacobi action is known as the Misner action [59],
√
√ Z
S = 2 dsGR
R − 2Λ
mini

(126)

for dsGR
mini minisuperspace GR’s own kinetic arc element built out of a quadratic metric, up to some weighting factor.
Remark 7 Jacobi’s and Misner’s action principles are homogeneous linear in their velocities (form 1), changes (form
2), or Lie derivatives (form 3), by being the square root of a square in each of these.
Structure 2 Jacobi–Synge actions [13, 21] generalize this to arbitrarily-attained homogeneous linearity. These can
be compositions of products, roots and sums [234] as well as of arbitrary functions acting on ratios. Fig 7’s moves
are given for this extension. though we subsequently almost always stick to the Jacobi case.

10.3

Global problems so far

Remark 1 Representing motions by geodesics on configuration space
locally if one considers the geometry dJ.

q is prima facie attractive.

This works out

Global Problem O.7 ‘PoZIN’: Problem of Zeros, Infinities and Non-Smoothnesses occurs at the level of the action
(a subcase of δ.i).
Global Problem O.8 Representation as geodesics on configuration space is only really available modulo conformal
transformations. This is because it is not clear in the product of a kinetic term and a potential term which factors
are to be placed into each of these two packets [234]. So one actually has a parageodesic principle in terms of the
kinematical geometry ds. This point of view has the advantage of involving just the one geometry rather than
a distinct geometry per potential factor W . Basic Differential Geometry furthermore gives that such conformal
transformations in general alter both the curvature [95] and the form of the geodesics.
Remark 2 This global inequivalence includes the inter-relating conformal factor only being local in the sense of just
applying to a finite region on q. This possibility arises from conformal factors being required to be non-zero, finite
and sufficiently smooth, whereas physical W (Q) are certainly capable of deviating from these conditions, at least in
some regions of q; PoZIN already incorporates this.
Remark 3 The physical representation is distinguished by all of the product (possibly bar a nonzero constant)
counts as part of the metric.

10.4

Conjugate momenta

Remark 1 For MRI, we can still use a familiar-looking defining formula for generalized momentum, albeit now
involving velocities with respect to label time,
r
W
∂LJS Jacobi subcase
M · Q̇ .
=
(127)
P =
T
∂ Q̇
The second, computational, formula has a new prefactor relative to the more familiar Euler–Lagrange action version.
Remark 2 For MPI or its q-geometry dual, however, the notion of momentum P carries over to this context, but
the formula defining generalized momentum does not. For neither velocities nor Lagrangians remain meaningful,
necessitating the first equality below’s double substitution
√
∂dJS Jacobi subcase
2W
P =
=
M · dQ .
(128)
∂dQ
ds
The first equality here is equivalent to (127)’s by the ‘cancellation of the dots’ Lemma [84]. Equating the first and
third expression in (128) is now a momentum–change relation in place of a momentum–velocity one.
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Remark 3 We can finally write
P =

∂£d JS
∂£d Q

√
Jacobi subcase

=

2W
M · £d Q ,
£d s

(129)

so as to have a Lie formulation of generalized momentum giving rise to a momentum–Lie change relation.
Remark 4 See [234] or [258] for the equations of motion.

10.5

Temporal Relationalism provides at least one primary constraint

Definition 1 In the Hamiltonian formulation’s configuration–momentum variables (Q, P ), quite a general notion of
constraint consists of relations
C (Q, P ) = 0
(130)
between the momenta P , by which these are not independent. A useful classification of constraints is into the
following.
Definition 2 Primary constraints [39, 121], denoted by
P rimary ,
indexed by P .
are those which arise from noninvertibility of the Legendre (transformation) matrix
!
∂2L
∂P
=
Leg :=
∂ Q̇∂ Q̇
∂ Q̇

(131)

(132)

without use of variation. When this occurs, the momenta P cannot be independent functions of the velocities Q̇.
Definition 3 Constraints furthermore requiring input from the variational equations of motion are termed secondary
[39, 121]. These are denoted by
S econdary ,
indexed by S .
(133)
Lemma 1 i) Manifestly Reparametrization Invariant actions (Dirac) [39],
ii) Manifestly Parametrization Irrelevant actions [207],
ii0 ) Geometric actions [207], and
iii) Lie-Differential-Geometric actions [258] all imply at least one primary constraint.
Temporal Relationalism is thus necessarily also a constraint provider.
Remark 1 For Temporally Relational Particle Mechanics, using N := M −1 , the primary constraint arises as
follows [87, 131, 207, 234]. The MRI version of the working is
r
r
r
r
√
W
W
W
W√
M · Q̇
||Q̇||M N M =
||Q̇||M =
2T = 2W . 2
(134)
||P ||N =
=
T
T
T
T
N

The other forms’ versions follow suit. The constraint is thus
E

:=

2
1
2 ||P ||N

+ V (Q) =

1
2

N AB PA PB + V (Q) = E .

(135)

Global Structure O.5 Taking into account this constraint causes one to pass from considering a point and a vector
in q to considering just a point and a direction. Thus T(q) is replaced at the whole-space level of structure by a
direction bundle alias unit tangent bundle,
u(q) .
(136)
Example 1 Temporally Relational and yet Spatially Absolute Mechanics is of the above form. Here the
1
inverse constant-mass matrix n has components nIaJb =
δIJ δab .
mI
Example 2 By a parallel – if now indefinite-metric – working, minisuperspace’s Hamiltonian constraint
also of the above form (with R − 2 Λ in place of E − V ).
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(137)
Hmini

is

10.6

Second global installment

Remark 1 Zeros correspond moreover to qualitatively different situations in each of Mechanics and GR. This is due
to the positive-definite to indefinite difference in the configuration space metrics.8 In the positive-definite case, such
zeros are ‘halting points’. This is by
2
(138)
0 = W = 12 ||P ||N ⇒ P = 0
for N positive-definite.
Example 1 A well-known physical example of PoZIN involves avoiding the zeros in models of the Earth–Moon–Sun
3-Body Problem by staying within Hill’s regions [115] (bounded by Hill’s surfaces in Fig 9.e).
Example 2 On the other hand, in Minisuperspace’s indefinite case [59] such zeros are ‘spurious’ rather than halting,
since
2
0 = W = 21 ||P ||N 6⇒ P = 0
(139)
for N indefinite. So generically the motion continues through the zero along Riem(Σ)’s null cone. In the case of
Minisuperspace, this null cone consists of physically reasonable Bianchi I Kasner universes [59].
Remark 2 This may at first be counter-intuitive given the differences between it and the much more familiar use
of indefinite manifolds as spacetimes. In the latter case, the causal theory enforced by Relativity confines the paths
followed by massive particles to lie within null cones, and those followed by massless particles to lie on null cones.
However [59, 207], Riem(Σ)’s own null cone does not carry connotations of causality, nor of allotting distinct physical
interpretation to ‘timelike, null and spacelike’ intervals. Paths on Riem(Σ) represent evolving 3-metrics, regardless
of whether these paths are ‘timelike, null or spacelike’. Indeed, such paths here are furthermore free to move between
such types, so the preceding argument evoking a particular subcase of this – paths in minisuperspace going null –
should raise no eyebrows.
Example 3 In further support of PoZIN’s physical relevance, Bianchi IX spacetimes go through an infinity of
such zeros as one approaches their cosmological singularity. These are moreover a significant class of homogeneous
anisotropic solutions due to Belinskii–Khalatnikov–Lifshitz’s conjecture [52]. By this, they may be expected to be
typical of GR solutions in this very same setting of ‘approaching the cosmological singularity’. Zeroes occurring here
has been argued to place stringent local limitations on the use of Jacobi-type actions (in both space and configuration
space q), and also motivated geodesic patching proposals

10.7

Equation of time, alias Chronos, interpretation

Remark 1 A natural question to is whether there is a paradox between the Leibnizian Time(lessness) Principle, and
our appearing to ‘experience time’, which moreover features in many Laws of Physics that appear to apply in the
Universe. Two discrepancies between these contexts are however as follows. Firstly, everyday experience concerns
subsystems rather than the whole-Universe setting of this Leibnizian Principle. Secondly, whereas ‘time’ is a useful
concept for everyday experience, the nature of ‘time’ itself is in general less clear.
Remark 2 In our current context, E is to be viewed as an equation of time [131]. For it can be rearranged to give
a formula for a notion of time with respect to which motion is simple (a desirable property of timefunctions, as
emphasized e.g. in [63]):
Z
Z
||dQ||M
ds
em
√
p
=
.
(140)
t
=
2W
2(E − V )
Because of this, I term this type of constraint a Chronos constraint, denoting all examples of such by
C hronos = 0 .

(141)

Mach’s Time Principle is that [7] “It is utterly beyond our power to measure the changes of things by time. Quite
the contrary, time is an abstraction at which we arrive through the changes of things.” I.e. ‘time is to be abstracted
from change’.
Remark 3 Indeed, it is change that we directly experience, and temporal notions are merely an abstraction from
that, albeit a very practically useful abstraction if carefully chosen. One idea then is that primary-level Leibnizian
Timelessness is resolved by Mach’s Time Principle providing a secondary, i.e. emergent notion of time:9 the classical
emergent Machian time tem .
8 To

be clear, zeros in the potential factor correspond to zeros of the kinetic term due to the quadratic constraint.
in particular [123, 124, 234] for discussion of alternative strategies for handling Temporal Relationalism. This covers, for instance,
primary-level time (e.g. hidden or from appended matter), adhering to timelessness, or supplanting time by a notion of history.
9 See
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Remark 4 E , Hmini (and full GR’s H) usually receive energy equation interpretations. In the present context of
Temporal Relationalism at the primary level for the universe as a whole, however, the conjugate interpretation as an
‘equation of time’ [29, 131, 234] is more enlightening.
We thus collectively denote these constraints by C hronos. Indeed,
r e.g. E rearranges by integrating
∂
∗ := ∂t∂em := W
,
T ∂λ
to give the expressions in Fig 8.

(142)

Figure 8: Each Temporal Relationalism implementation’s recovery of emergent time.

Remark 5 In this way, by understanding the Frozen Formalism Problem’s origin, a natural resolution becomes
apparent. The constant tem (0) above encodes the freedom of choice of ‘calendar year zero’; it is not too hard to
exhibit the freedom in choice of ‘tick-length’ as well [234]. Schematically, the above is a formula for an emergent
timefunction as an explicit functional of change,
tem = F[Q, dQ] = F [Q, £d Q] .
(143)
Following Mach, this is ab initio a highly dependent variable rather than the independent variable that time is
usually taken to be. This is because while the ‘usual’ situation assumes that one knows beforehand what the notion
of time to use, the current position instead involves operationally establishing this notion. Finally, by form iii) in Fig
8, classical Machian emergent time itself possesses a Lie derivative characterization: ‘time is to be abstracted from
Lie-derivative-change of configuration’.
Remark 6 (143) moreover also implements the further principle [63] of ‘choose time so that motion is simplest’.
Dirac’s observing [30] that dividing by lapse gives an invariant velocity partly precedes this For, via 142, it is also
distinguished by its simplification of the momentum-velocity relations and equations of motion.
P = M · ∗Q ,
(144)

∗∗Q

+

∗Q · Γ · ∗Q

= −N ·

∂V
.
∂Q

(145)

The latter is a parageodesic equation [59] with respect to the kinetic metric (meaning it has a forcing term arising
from the conformal W -factor). One can finally posit the Euler–Lagrange principle, in terms of tem as an action
principle encoding these simplest-form equations.
Example 2 For Temporally-Relational mechanics, moreover, the classical emergent Machian time tem thus obtained
mathematically coincides with tNewton , while now resting on relationally-acceptable foundations and possessing an
emergent character.
Example 1 In the Minisuperspace counterpart, the homogeneous space version of GR Hamiltonian constraint can
be rearranged as a subcase of this. To leading order, tem a relational recovery of cosmic time tcosmic . For GR more
generally, emergent Machian time amounts to a relational recovery of tproper , of which tcosmic is an approximate case.
Remark 7 The quantum-level frozenness of the Wheeler–DeWitt equation
bΨ = 0
H

28

(146)

and its simpler mechanical analogue
b
EΨ = EΨ

(147)

can then be traced back to their classical counterparts being being quadratic in the momenta without linear pieces.
These follow as the primary constraint encoded by whichever of forms 1, 2 or 3 for our action, which in turn originate
with Leibniz’s a priori timelessness. Thus the Frozen Formalism Problem [43, 123, 124] is identified with Temporal
Relationalism [211, 234]. This moreover points to an emergent Machian time resolution by which time is abstracted
from change.

10.8

Third global installment

Global Problem O.9 There is a further PoZIN at the level of the emergent time. I.e. zeros at the level of the
action zeros become infinities in the integrand, and vice versa. Nonsmoothnesses may or may not persist with the
passage from product to quotient.
Remark 1 Ensuing emergent time notions [234] are in general only intended to hold locally in the sense of a finite
region of each of space and configuration space q (Fig 9.a).
a) On the one hand, these emergent times are based on the relational action principle
Z
√
ds 2 W
existing in the region of

(148)

q in which they are defined.

b) On the other hand, by immediate inspection, the formula (143) for the emergent Machian time candidate is itself
directly disrupted by zeros in W (Q). I.e. blow-ups in
ds
√
W
– if sufficiently benevolent to permit integration thereover – correspond to blow-ups in tem .

(149)

c) Infinities in W (Q) or zeros in ds furthermore correspond to frozenness in the emergent Machian time candidate.
d) Suppose the tem candidate exists for (a given portion of) a particular motion. Then it has the desirable property
of its monotonicity being guaranteed: W > 0, so dtem > 0. C.f. the Hamilton–Jacobi equation case of patching
together PDE solutions.
Remark 2 Furthermore, infinities in W (Q) or zeros in ds correspond to frozenness in the emergent Machian time
candidate.
Remark 3 Elsewise, if the tem candidate exists for (a given portion of) a particular motion, it has the desirable
property of its monotonicity being guaranteed: W > 0, so dtem > 0. Note that this is the Hamilton–Jacobi case
of patching together PDE solutions.
Global Structure O.6 The label time transformations form
M onot = { Dif f (R) | time order is preserved} .

10.9

(150)

Heavy–light split

Global Problem O.10 Heavy-light (h–l) and fast–slow approximations are in general local in each of space and
configuration space.
Remark 1 One way in which this can enter is in passing from Celestial and Molecular Physics’s familiar flat
space metric and thus flat constellation space metric to a curved q metric. Moreover, [234]’s other concomitant
approximations need not all hold in the same region (but as per Article –1, if intersection of regions applies, a
shrunken region where all the approximations hold art once can be found). The h–l split’s validating approximation
can furthermore break down over the course of a particular motion. This split leads to an expansion of tem with
h part as leading term. It is a significant move to make as regards making contact with classical and quantum
cosmological modelling [234].
Remark 2 With different approximations used in general having different domains of validity, an intersection in
which all of them are valid contains a smaller domain as per Fig –I.11.c).
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10.10

GLET from STLRC

While any [183] and all [131] change have been used elsewhere, what we consider in more details the following.
More specific Machian resolution Generalized local ephemeris time (GLET) is to be abstracted from a sufficient
totality of locally-relevant change (STLRC). ‘Ephemeris time’ is itself a feature of astronomical timekeeping [29].
While time has since come to be read off atomic clocks, these are still to be interpreted as clock hands that are in
regular need of calibration checks against Solar System observations. The realities of timekeeping are such that all
changes are have an opportunity to contribute. Yet some changes are negligible (and are better omitted, especially
when they come with large error bars). Whereas such an ephemeris time has long been in use, its Machian character
has only relatively recently been remarked upon [131, 213, 234]. This emergent time is provided by the system, in
which way it complies with Mach’s Time Principle. In contrast, the notion of time usually assumed as an independent
variable is absolute. Yet once the above emergent time has been abstracted from change, it is a convenient choice
for (emergent) independent variable.
Global Problem O.11 STLRC and GLET notions’ locality is in the sense of a finite region in all of time, space
and configuration space.
Remark 1 Patching GLETs is a version of Strategy α. Such patching may not be of like with like, along the lines
of patcing togethe WKB regimes with connection functions. For now, there is no concrete proposal for Problem of
Time specific connection functions.

Figure 9: a) PoZIN type restriction to a region. The crosses denote points at which zeros, infinities or non-smoothnesses of W occur.
b) PoZIN type restriction applying due to the domain of definability of a function thereupon, e.g. for ψ a conformal transformation. c)
Equipotentials for the Earth–Moon–Sun system, illustrating Hill’s regions, as an example of PoZIN being realized in a physically relevant
model. The Li here are the well-known Lagrange points. d) Closed recollapsing FLRW universe scalefactor.
e) Bianchi IX spacetime’s sequence of potential zeros. The straight line segments correspond to Kasner solution ‘in’ and ‘out’ states being
scattered by the Bianchi IX potential.

Remark 2 Classical emergent time will moreover not do at the quantum level, for the furtherly Machian reason
that now quantum change has to be given the opportunity to contribute.
Global Problem O.12 STLRC patches far from necessarily align with 1) heavy/light, 2) fast/slow or 3) PoZIN
patches. For 1) and 2) are physical regime patches, 3) is a mathematical patch, whereas STLRC patches have
operational as well as physical character, by being prescriptions for what enters (calibration of) locally good clocks.

10.11

TRiPoD

Remark 1 To use of Jacobi actions constituting a Little Method for Temporal Relationalism, we have the following
corresponding Large Method for all of its interactions with other Background Independence aspects.
Structure 1 TRi, standing for Temporal Relationalism implementing, can moreover be applied at all levels of the
Principles of Dynamics: TRiPoD [207, 216, 224, 234]. This can be thought of as ‘taking Jacobi’s Principle more
seriously than Jacobi himself did’, and thus reworking the rest of Principles of Dynamics to follow from this in place
of Euler–Lagrange’s. This requires replacing ‘around half’ of the structures we use, the ‘other half’ turning out to be
already-TRi. Similar can be done for various sequels: TRiFol (spacetime foliations) [227, 234], TRiCQT (Canonical
Quantum Theory) [234] and TRiPIQT (Path Integral Quantum Theory) [234]. Much of the Principles of Dynamics
that leads naturally to QM turns out to be already-TRi.
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Remark 2 Using TRi prevents the Frozen Formalism Problem inadvertently re-entering while one is subsequently
addressing further facets.
Remark 3 Using these modifications is however just a mild recategorization that does not alter either physical
content or Lie-Theoretic methodology.

11

Temporal and Configurational Relationalism combined

Dealing with full (or at least inhomogeneous) GR requires combining the above two Relationalisms.
Remark 1 Let us firstly consider G-Lie-drag-correcting our first Jacobi action’s label-velocities [87, 174] with Lagrange muliplier auxiliaries. This however spoils its Manifest Reparametrization Invariance property.
Remark 2 The TRi resolution of this uses cyclic velocities (MRI) or cyclic differentials (MPI), in each case with
free end point value variation.10
Best Matching 1) Using our most advanced Lie Differential Geometric formulation, our Lie changes are in general
to be corrected to [257]
Q̇ −→ ◦g Q = Q̇ − £g Q̇ .
(151)
G is to act on q as a shuffling group, in the sense that infinitesimally separated pairs of configurations are considered,
with one kept fixed√and the other shuffled around. This is built up into the kinetic term T by a first use of M aps,
then multiplied by 2 W and integrated to form a Jacobi-type action by a second application of M aps.11
Best Matching 2) We vary our action with respect to g to obtain secondary constraints
S huffle = 0 .

(152)

This encodes linear G-constraints as secondary constraints.
Best Matching 3) Next solve our general classical theory’s S huffle in Lagrangian formulation – the so-called
best-matching equations –
F lin(Q, dQ, g) = 0 ,
(153)
with best matching data
(Q, dQ)

(154)

for the G-auxiliaries g. I.e. given the Lagrangian form of the constraints arising from variation with respect to the
G-auxiliaries g, solve for these g themselves. This is termed the Best Matching Problem [207, 211] (Fig 11.c).
Best Matching 4) Next substitute these ‘best-matched’ extremizing solutions back in the original Principles of
e . This amounts to
Dynamics action. We thus obtain a reduced action, i.e. on the reduced configuration space q
completing the Lagrange multiplier elimination of the g. This reduced action is finally elevated to constitute a new
starting point.
Remark 4 The action also being MPI, its q-geometry dual, or the Lie realization thereof, Temporal Relationalism
is implemented and a quadratic Chronos constraint is guaranteed. Configurational and Temporal Relationalism are
thus jointly implemented.
Best Matching 5) The G-corrected version of classical Machian time is
Z
||dg Q||M
0
em
p
tem
−
t
=
E
.
G-free
g∈G
2 W (Q)

(155)

The extremization here takes an implicit form: it is not of tem itself, but of a second functional, S [234]. So finding
an explicit tem in the presence of Lie-drag corrections requires prior elimination of the G-auxiliary variables. This is
clear from the dQ in its formula still carrying these corrections unless one substitutes in the best-matched values for
these. Or if one alternatively starts afresh with the reduced action after performing this elimination therein.
10 Since the auxiliaries are physically meaningless everywhere, their values are in particular free at the end point (or more generarally
end notion of space) of variation [192, 207, 234]. Thus such free, alias natural [26] variation is the appropriate kind. This turns the cyclic
equation’s constant into a zero just like the multiplier equation’s.
11 This can furthermore now be recognized also as a subcase of weighted path metric. This is a standard Analysis construct [175]
√
(modulo separation, in the indefinite case). It is the 2 W factor that plays the role of the weighting function.
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12

Example: Temporally and Configurationally Relational Mechanics

Structure 1 The corrected changes are
dq −→ da, b q = dq − da − db
The kinetic arc element is
dsRPM = || dq − da − db

×

×

q , or £d q −→ £d q − £d a − £d b

q || =

£d q − £d a − £d b

×

q

q.

(156)

= £d sRPM .

(157)

×

The (Lie–)Jacobi-type action principle is
SRPM =

√ Z √
√ Z √
2
W dsRPM = 2
W £d sRPM ,

(158)

for potentials of the form [207]

V (q) = V q I · q J alone .

(159)

Remark 1 Our action works as follows. The momenta conjugate to the q are
√
2W
p =
mI δIJ ( dq − da − db × q ) .
ds

(160)

Due to Temporal Relationalism, these obey a primary constraint that is purely quadratic in the momenta (using
n := m−1 ),
2
1
E := 2 ||p||n
+ V (q) = E .
(161)
Due to Configurational Relationalism, constraints homogeneous-linear in the momenta
hold.

P

and

L

as per (60, 61) also

Remark 2 Finishing off the Best Matching procedure, these constraints recast in Lagrangian configuration–velocity
variables are to be solved for the auxiliary variables da and db themselves. This solution is then substituted back
into the action, so as to produce a final T r(d)- and Rot(d)-independent expression that directly implements Configurational Relationalism.
Remark 3 One has the good fortune of being able to solve Best Matching explicitly for quite a wide range of RPMs.
This closely follows the relational spaces outlined in Sec 8. See [207, 225, 234] for explicit such workings.
Remark 4 The Machian emergent time in this case is the (Temporal and Configurational) Relationalism implementing ‘Jacobi–Barbour–Bertotti time’,
Z
||dg Q||M
em
p
tem
.
(162)
−
t
:=
E
g∈G
Rel
0
2 W (Q)

13
13.1

Example: GR
GR-as-Geometrodynamics

Structure 1 Removing spatial 3-diffeomorphism information G = Dif f (Σ) from spatial 3-metric information
leaves spatial 3-geometry information G(3) . This is a more elaborate notion of scaled shape. Counting out, spatial
3-geometries have 6 − 3 = 3 degrees of freedom per space point.
Remark 1 These ara analogous to considering Rot(d) acting on relative space. This analogy includes a notion of
scale being retained by the quotient, albeit this is now a local notion of scale. Quotienting out spatial diffeomorphism
is however mathematically obligatory in GR (see [256, 261, 265] for why). This is to be contrasted with quotienting
out the rotations being optional in Mechanics.
Structure 2 The corresponding GR configuration space on a fixed spatial topology Σ is is Wheeler’s [43].

superspace(Σ)

:=

g

Riem(Σ)
.
Dif f (Σ)

(163)

A truer name for this is space of spatial geometries, eom(Σ). This is in some ways analogous to relationalspace:
the quotient of relative space by rotations or of constellationspace by Eucl(d). The topology and geometry of this
space was studied in detail by DeWitt [45, 55] and Fischer [56]; see Part III for a various features; see in particular
[145, 200] for many further results.
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Figure 10: a) ADM kinematics [34]. b) The A formulation’s TRi kinematics [192]. Furthermore, Da denotes spatial covariant derivative,
R the spatial Ricci 3-scalar curvature, and Λ the cosmological constant.

13.2

Correction terms

Structure 1 The Dif f (Σ)-corrected derivative is


◦β h =


˙ − £β h .

(164)

This is computationally the same as the hypersurface derivative [73]
δβ
~h .

(165)

It is however conceptually and even structurally distinct. For the former is a spatial-primality concept while the
latter is a spacetime-primality concept, thus presupposing further structure.
Structure 2 We thus now view the GR kinetic term as
2

TGR =

13.3

◦β h

.

(166)

M

Actions

Remark 1 The well-known Arnowitt–Deser–Misner (ADM) action [34] for GR-as-Geometrodynamics fails TR-a)
since the lapse – signifying ‘time elapsed’ – is an extraneous timelike variable.
Structure 0 The Baierlein–Sharp–Wheeler (BSW) action [35] (with Λ included), however,
Z
Z q
BSW
BSW R − 2 Λ d3 x ,
SGR =
dλ
TGR

(167)

Σ

with kinetic term

2

GR
TBSW
:=

( ˙ − £β ) h

,

(168)

M

and using overline to denote densitization, succeeds in being lapse-free.
Structure 1 We thus prefer instead to use
2

BSW
TGR
=

˙ − £Ḟ

.

(169)

M

Here F is the frame variable, such that Ḟ = β.
Structure 2 We further prefer to introduce the Dif f (Σ)-corrected change
dF h ,

(170)

and then form
dsRel
GR =
and thus the GR relational action
GR
SRel
=

dF h

M

Z Z p

= ||(d − £dF )h||M ,

(171)

3
R − 2 ΛdsRel
GR d x .

(172)

Σ

This is the geometrical action that so happens to be dual to the GR MPI action.

33

Structure 3 Finally, GR’s Lie differential-geometrical action is
Z Z p
GR
SLie-Rel
=
R − 2 Λ ||(£d − £dF )h||M d3 x .

(173)

Σ

Relational Thin Sandwich 1) is to set up this action.
Remark 1 The Misner action can then be viewed as the minisuperspace truncation of any of the last 4 actions.

13.4

GR’s momenta and constraints

Remark 1 GR’s relational momenta are then
p
p
R − 2Λ
R − 2Λ
p =
M(d − £dF )h =
M(£d − £dF )h .
ds
£d s

(174)

Remark 2 The relational action’s encodement of the momentum constraint
Ma

:= − 2 Db pb a = 0

(175)

is fairly standard. I.e. the free end spatial hypersurface value variation with respect to the frame variable F, which
works out equivalently to varying the ADM or BSW actions with respect to the shift β. In both cases this just
encodes that Dif f (Σ)-invariance is to be respected.
Full GR’s H arises from the ADM actionas a secondary constraint from variation with respect to the lapse α. While
none of the other 4 actions have a lapse to begin with, they all still encode H, now as a primary constraint along the
following lines.
p
p
p
p
p
R − 2Λ
R − 2Λ
R − 2Λ
R − 2 Λ Rel
=
||p||N =
·
d
h
h
=
h
=
R − 2Λ .
M
d
d
ds
=
F
F
F
GR
MNM
M
dsRel
dsRel
dsRel
dsRel
GR
GR
GR
GR
N
(176)
Thus
√
H := ||p||N +
h(2 Λ − R) = 0 .
(177)
Relational Thin Sandwich 2) is to obtain these constraints. One then uses momentum–change equations to get
these into Lagrangian form, and substitutes H in M to obtain the following.

13.5

Thick and Thin Sandwiches

Figure 11: Expanding from a) and b)’s Sandwiches to GR non-specific active group actions c) and Best Matchings d). [249] has a
bigger figure with references and dates marked on it to serve as a history.
Remark 1 See Fig 11 for thick and thin sandwich data respectively.
Structure 1 The TRi thin sandwich equation is
" p
#
R − 2 Λ jk l
j kl
Dj
(h δ i − δ i h )(δd−dF hkl ) = 0 .
£d−dF h M

(178)

This is usually further cast as an explicit PDE for F (Rel) or β (BSW) by expressing its Lie and covariant derivatives
in terms of partial derivatives.
Remark 1 Rendering the Thin Sandwich problem TRi in no way alters its mathematical properties as a PDE
[49, 127]. Thus everything known about the traditional BSW Thin Sandwich carries over.
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Relational Thin Sandwich 3) The (TRi) thin sandwich then proceeds to solving for the corresponding emergent
lapse (BSW) or differential of the instant (Rel).
Relational Thin Sandwich 4) Also the reduced action is formed by substituting the frame back into the action.
Relational Thin Sandwich 5) In the TRI case specifically, the instant is moreover identified as the Machian
emergent time (neat in that instants are then labelled by values of this time!) By this, step 3) is furthermore reenvisaged as recovery of emergent time. Including this step interpreted in this way amounts to joint resolution of two
Problem of Time facets at the classical level. H, now viewed as a C hronos constraint, can furthermore be rearranged
to give GR’s emergent Machian time,
Z
d s
√ g GR
.
(179)
tem
:=
E
g ∈ Dif f (Σ)
GR
Σ 2 R − 2Λ
Relational Thin Sandwich 6) We can furthermore form, out of quantities solved for so far, the extrinsic curvature
giving a local coating of spacetime to the future of our thin sandwich data slice.

13.6

Global features

Global Impasse O.13 Conventional Thick Sandwiches are ill-posed since they violate nonuniquness.
Counterexample 1 Electromagnetic waves with integer-ratio periods suffice to establish this.
Global Impasse O.14 Finite diffeomorphisms are merely formal (there is no known general representation for them,
unlike say for the rotations).
Remark 1 Thus among Sec 6.2’s options, GR is just left with the infinitesimal 1- and 2-slot constructs, i.e. Barbour–
Bertotti’s and DeWitt’s. The first of these admits an interpretation of the Thin Sandwich as a subcase.
Remark 2 DeWitt’s particular work [55] moreover involves a global square root ordering relative to its integrals,
which does not correspond to the BSW action of GR’s local square root ordering inside its sole integral [131, 166].
This does not dismiss use of an infinitesimal 2-slot version of Best Matching; equivariance however renders this an
unnecessary complication.
Remark 3 The quartet of slot constructs has thus been whittled down to one in the case of GR-as-Geometrodynamics:
the Thin Sandwich.
Global Structure O.7
M onot(X) = { (M, Fol) | leaves of foliation remain spacelike } ;

(180)

Article 3) covers how some foliations with side-conditions can only be maintained locally (in space, in time, and in
spacetime). We can furthermore conceive of M onot(X) in terms of a space map and a time map (see e.g. [197]).
Global Structure O.8 The Thin Sandwich equation is elliptic (another subcase of Global Issue –I.V).
Remark 4 The Bartnik–Fodor Thin Sandwich Theorem ([127] furthermore involves two locality (in space and in
configuration space) conditions so as to avoid the following.
Global Problem O.15 Potential factor zeros obstruct the extent in space and configuration space of the region in
which Thin Sandwich well-posedness can be established (a subcase of δ.1).
Global Problem O.16 Metrics with Killing vectors obstruct the extent in configuration space of the region in which
Thin Sandwich well-posedness can be established (details of this are postponed to Part III).
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13.7

Conformal option for GR

Structure 1 Aside from dynamical formulations of GR carrying Dif f (Σ)-invariant connotations, the Einstein field
equations point to relevance of conformal (rather than affine or projective) structure. This is by semi-decoupling
the constraints on constant mean curvature (CMC) slices [60, 62]. M is solved first; this and CMC holding together
place us on the below conformal superspace (plus a solitary global degree of freedom: the volume of the Universe).
Finally solving the conformally-transformed version of H (‘Lichnerowicz–York’ equation [85]) breaks us out of this
temporary conformal symmetry regime.
Remark 1 Contrast this specific appearance of conformal geometry in GR with how RPM just leaves geometrical
level of structure σ as a choice to the modeller.
Global Issue O.17 The above conformal approach to the GR Initial-Value Problem is yet another globally-sensitive
elliptic system [127, 154].
Remark 2 Extent in space, spacetime and phase space of CMC sufaces will be outlined in Article A.

13.8

CRiem(Σ)

Structure 1 Removing spatial conformal transformations G = Conf (Σ) instead leaves 6 − 1 = 5 degrees of
freedom per space point. This is in some ways analogous to considering Dil acting on relative space. More precisely,
the one degree of freedom per space point that we are now removing is a localized notion of scale. This leaves us with
spatial 3-metrics modulo determinant, which equivalence classes can for instance be represented by unit-determinant
metrics,
h
(181)
u := √ .
3 h
Structure 2 The configuration space formed by these is conformal Riem,
Riem(Σ)
CRiem(Σ) :=
.
Conf (Σ)

(182)

See Chapter 21 of [234] for a conceptual introduction to this space and [45, 55, 145] for more technical discussion. This
is GR’s counterpart of Kendall’s preshape sphere, with unit-determinant metrics in place of unit-modulus vectors.
This analogy as far as each being relatively simpler topologically and geometrically than the corresponding theory’s
other reduced configuration spaces. A further implification is that the supermetric on CRiem(Σ),
Cijkl = hik hjl ,
(183)
is positive-definite [45]. (Contrast with the GR configuration space supermetric (–I.119) being indefinite.)

13.9

Cs(Σ) as a further shape space

Structure 1 Let us finally remove
G = Conf (Σ) × Dif f (Σ)

(184)

information instead. This is in some ways analogous to Dil × Rot(d) acting on relative space. The corresponding
reduced configuratons are now conformal 3-geometries C(3) [67]. These have 6 − 4 = 2 degrees of freedom per
space point.
Structure 2 The configuration space formed by these is York’s [67] conformal superspace
Riem(Σ)
Cs(Σ) :=
.
Conf (Σ) × Dif f (Σ)

(185)

This is the arena of the most successful GR initial-value problem approaches to date [60, 62]. A truer name for this
is space of conformal 3-geometries, which I denote by C eom(Σ). It is furthermore analogous to Kendall’s shape
space. It has since been further considerably studied by Fischer and Moncrief [145], who showed that its topology
and geometry of this space closely parallels those of eom(Σ) [145].

g

g

13.10

Further options for GR

These include, firstly, transverse diffeomorphisms in place of diffeomorphisms [187], Secondly, global volume-preserving
conformal transformations in place of conformal transformations. Thirdly, the vast diffeomorphism-invariant gauge
group Digg(Σ) [61] and its projective counterpart P Digg(Σ) [147].
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14
14.1

More advanced global treatment: fibre bundle level
Fibre bundles versus Lie derivatives

Global Structure O.9 Let us also now reconcile Part I’s Lie derivative formulation with Part II’s fibre bundle one.
i) Begin by interpreting the Lie derivative as a point identification map [119] between two adjacent space slices. This
is as opposed to a Lie dragging within a single such slice.
ii) Next, the Lie derivative applies due to continuous transformations being implemented. All of those under consideration happen to also be differentiable. These transformations form some subgroup G ≤ Dif f (abs) corresponding
to g ≤ Dif f (abs) at the level of Lie algebras.
Remark 1 There is consistency between the two, since one can continue to define Lie derivatives within a fibre
bundle context (see e.g. [58] for more). One advantage of the Lie derivative formulation is that it provides a specific
form for the infinitesimal group action. On the other hand, G-act does always involve this particular group action
(for all that Best Matching itself does). A corresponding disadvantage is that it is a merely local treatment, whereas
fibre bundles can encode further global information.

14.2

Bibundles involved in Relationalism

Global Issue O.18 Implementing Temporal Relationalism in the geometrical way dual to MPI requires representing
tangent spaces with (Q, dQ) local coordinates.
Global Structure O.10 The indirect approach to Configurational Relationalism involves specifically [234] the
G-bundle over the tangent bundle over configuration space:

p(T(q), G) .

(186)

(Q, dQ, dg)

(187)

This way around,
are involved as coordinates. [The other way around: in the bundle
T(p(q, G)) ,

(188)

(Q, g, dQ, dg) would be involved, which would be overuse of G for the kind of modelling under consideration.]
Remark 1 Contrast also

p(q, G) with
p(qe , G)

q, G
p G


=


:

(189)

q as fibrated by G over qe .
Remark 2 Jet bundles [112] are not involved. Those model second and higher derivatives by considering
T2 (s) = T(T(s))

(190)

Tn (s)

(191)

and
more generally. While these are also bibundles, they are homogeneous whereas our aopplication’s is heterogeneous.
Also T can more straightforwardly be associated with a derivative than p(m, G) is. Placing a connection on p(q, G)
gives the Guichardet connection [97] in the case of rotation-invariant Mechanics.
e . The direct use still needs to pass to
Remark 3 Both direct and indirect approaches involve the quotient space q
e
T(q) in order to define an action.
The indirect approach takes the longer path indicated in the figure, making use of the fibre bundle section Γ.
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14.3

Gribov phenomena for Configurational Relationalism

Global Problem O.19 The Gribov phenomenon [78, 79, 121] is an obstruction (Fig 12) to there being a global
section Γ to a principal fibre bundle. Its symbol is thus (Bundle, U, Γ). In its original setting, this is unrelated to
time, but this ceases to be the case in the applications below.

Figure 12: a) A global section (‘gauge choice’) Γ cuts each gauge orbit orb precisely once.
b) Extending a local section can on some occasions lead to the inevitable appearance of multiple Gribov copies due to some gauge orbits
being cut more than once.
c) Extending a local section may in any case not be possible outside of some ‘Gribov region’ R bounded by a ‘Gribov horizon’ ∂ R.
d) g-act, g-all is not in general globally well-defined, for reasons covered by standard Fibre Bundle Theory.

Global Problem O.20 Gauge fixing is consequently also a local affair in the same sense.
Remark 1 This occurs for spatial gauges as well as for spacetime ones.
Example 1 We get a version of the above two problems for Eucl(d) [or with cancellation for Rot(d)].
Example 2 The Gribov phenomenon is familiar from Gauge Theoretic QFT (though it moreover already a classical
topological effect). It is an obstruction (Fig 12) to there being a global section to a non-Abelian Gauge Theory’s
principal fibre bundles [153], as further characterized by de Rham cohomology.
Example 3 We also get a version of the above two problems for each of Dif f (m) and Dif f (Σ) in GR. No global
such sections in general exist [120].
Global Problem O.21 Best Matching, upon receiving a global formulation in terms of fibre bundles, comes into
possession of its own Gribov ambiguities [234]. Such nonexistence and nonuniqueness caveats may not come as a
surprise given that a subcase of Calculus of Variations extremization is involved, a setting that comes with more
widespread such caveats.
Counter-Example 2 Global Problem O.III has no analogue for group averaging over a compact group, since that
operation is well-defined (Haar measure) and produces a unique answer. In fact, this accounts for why fibre bundle
presentations do not enter conventional accounts of group averaging.
Global Problem O.22 G-Act G-All applied to topological manifold objects has a Gribov-type ambiguity apply
more generally ([234] and Fig 12.d). This lies outside of the scope of standard fibre bundles (which just have manifolds
in the role of base space).
Remark 2 The Gribov pheonmenon also occurs in Phase.
Global Problem O.23 Candidate notions of ‘true dynamical degrees of freedom’ (forming the hypothetical space
True) require checking whether they are defined throughout both space and time. This can additionally be phrased
as whether the canonical transformation K that isolates these exists globally in Phase. The Torre impasse [126] is
an effect of this kind; its symbol is (Phase, U, K, True-isolating)
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14.4

Monopoles in configuration space

Remark 1 Let us begin by considering the Dirac monopole [15, 20, 117, 209] that is more familiar from Classical
and Quantum Field Theory (Fig 13.a). This is usually taken to be realized in flat space R3 .

Figure 13: a) Dirac monopole in R3 . One cannot go all the way around the point O without encountering the Dirac string that emanates
from it. There is however complete freedom as regards which direction this lies in. It can therefore be avoided by using a pair of local
coordinate charts, as indicated. This then also applies under the independent R3 = q for triangleland.
b) 2-d version of Iwai monopole for mirror image identified triangles’ q = R3+ half-space configuration space, which can be covered by
a single coordinate chart. For the ‘Iwai string’ emanating from the origin 0 can just be taken to lie outside of the physically relevant
half-space.
c) The 2-d distinguishable-particle and yet mirror-images-distinct orbifold monopole requires at least 2 orbifold charts to cover.
d) Its mirror-images-identified counterpart gives an orbifold with edge, which is now covered by a single orbifold chart.
Global Structure O.11. This is however also realized in configuration space
distinguishable mirror images’ 3-Body Problem.

q

=

R3

by 2-d triangleland with

Remark 2 Other versions of triangleland have qualitatively distinct monopoles.
i) For instance, 3-d (or 2-d with mirror images identified) triangleland’s configuration space
Iwai monopole [108] of Fig 24.b).

q

=

R3+

exhibits the

ii) See also [107] for how angular momentum L 6= 0 acts as a vectorial analogue of the scalar monopole charge.
iii) See [240] for 6 further types of monopole in 2-d 3-Body Problems (further indistinguishable-particle effects). Some
of these involve more than fibre bundle mathematics: some combination of orbifolds and stratification alongside
general bundles.
Remark 3 In basic topological terms, this study makes use of the Hopf coordinates associated with the Hopf map,
of the Gauss–Bonnet Theorem [229, 92, 209, 179], Chern integrals [209], and indeed of the Chern–Gauss–Bonnet
Theorem.

14.5

Plain versus r formulations

On the one hand, one can avoid Gribov phenomena if one uses gauge-invariant quantities rather than working with
gauge-dependent quantities, as in e.g. Chapter 6’s r-formulation.
On the other hand, entering the r-formulation can itself be affected globally (in space or configuration space) by the
above Global Problems. The r-formulation additionally has to contend with the current section’s monopole issues.
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Part III

Stratified manifolds
15

Introduction to stratified manifolds

15.1

Motivation: manifolds are not closed under quotients

Global Problem O.24 Quotienting by Lie groups kicks one out of the category of differentiable manifolds Diff∼man
into that of stratified differentiable manifolds Diff-stratman (or even more generally into that of stratified differ∼
entiable orbifolds Diff-strat-Orbifold
).
∼

15.2

More general context: Singular differential spaces

Many advanced – in particular global – physical applications require working with not just manifolds m but
more generally with singular manifolds sing.12 These are ‘the next level of approximation after topological-anddifferentiable manifolds’. Examples of singular manifolds include not only the above-mentioned stratified manifolds
[19, 28, 40, 47, 110, 136, 164, 205, 217], orbifolds [94], and their stratified orbifold combination [235], but also
catastrophes [100], and singular varieties [76].

15.3

Conceptual outline

Nontrivial stratified manifolds are not in general manifolds, being rather unions of manifolds with different dimensionalities represented. So at least the ‘locally Euclidean’ bastion of the theory of manifolds breaks down. Strata
moreover fit together in a nice way, in the sense made precise in the next subsection.

15.4

How strata fit together

Nice piece axiom Stratified manifolds’ pieces

p are each a topological manifold in the induced topology.

Nice fitting axiom alias frontier property Let p, R be two pieces of a stratified manifold with
Then p ⊂ R (Fig 14.a). Pieces are here termed strata.

p

∩ R 6= ∅.

Global Structure O.12 [Whitney] [19, 40] Let hX, topi be a topological space that can be split according to
X = Xp ∪ Xq .
(192)
Here
Xp := {p ∈ X, p simple} , dimp (X) = dim(X) ,

(193)

where ‘simple’ means regular and ordinary, and
dimp (X) = dim(X)

(194)

Xq := X − Xp .

(195)

and
Next consider recursive such splittings, so e.g. Xq further splits into {Xq }p and {Xq }q . Then set

m1

= Xp ,

m2

= {Xq }p ,

m3

= {{Xq }q }p ... .

(196)

This is so as to obtain
X =
where each

mI , I

m1

∪

m2

∪ ... , dim(X) = dim(m1 ) > dim(m2 ) > ... ,

(197)

= 1, 2, ... is itself a manifold.

Remark 1 This procedure partitions X by dimension. X is moreover only a topological manifold if this is a trivial
(i.e. single-piece) partition.
Definition 1 A manifold

m within a m-dimensional open set U is U-strict (Fig 14.c) if its U-closure
ClosU (m) := U − Clos(m)

and U-frontier
12 These

are not to be confused with singularities in (such as potential) functions painted on to manifolds.
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(198)

FrontU (m) := ClosU (m) −

m

(199)

are topological spaces in U.
Remark 2 This is not the standard topological space notion of frontier.
Definition 2 A strict partition of a topological space is a (locally finite) partition into strict manifolds.
Definition 3 A stratification of X [40] is a strict partition of X that possesses the frontier property. The corresponding
set of manifolds are known as the strata of the partition.
Definition 4 The principal stratum is the one whose corresponding orbit is of minimal dimension.
Structure 2 Stratified manifolds can furthermore be equipped with differentiable structure [47]; see e.g. [163, 217]
for more modern accounts.
Remark 3 All of the above can be carried over to the case of orbifolds as well, yielding stratified orbifolds [235].
Structure 3 The inverse frontier condition is the following role-reversal of the frontier condition. Suppose
R ∩ p 6= ∅ for a pair of pieces p, R ∈ Z. Then p ⊂ R.

Figure 14: Stratified manifolds.

15.5

Stratified manifold morphisms

Definition 1 A continuous mapping between stratified manifolds f : X −→ Y is a morphism of topological
stratified spaces if for evey piece p ∈ Z there is a piece pR ∈ Y such that i) holds.
i) f (R) ⊂

pR (pieces map to within pieces).

A smooth mapping between stratified manifolds f :
spaces if i) and ii) hold.
ii) f |R : R −→

15.6

X −→ Y is a morphism of differential-geometric stratified

pR is smooth (smooth restriction).

Examples

Example a The interval with endpoints can be viewed as a stratified manifold, with each end and its interior as
separate strata (Fig 14.d).
Example b Graphs can be viewed as stratified manifolds, with each vertex and edge a separate stratum (Fig 14.e).
So can complexes more generally, with Fig 14.f) illustrating the simplicial complex example (c.f. Sec –I.9.2), in which
each simplex is a stratum.
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Example c Manifolds, including with boundary and with corners [215], can be viewed as stratified manifolds, with
those boundaries and corners playing the role of lower-d strata (Fig 14.g-h). One has to work at the differentiable
level of structure for corners to be meaningful.
Example d Cones over compact manifolds can be viewed as stratified orbifolds (Fig 14.i). The strata here are the
apex and the remainder. With the remainder ‘wrapping around’ the apex, contiguity is clear. In the case in which
the angle around the apex is the usual locally-Euclidean 2 π, a stratified manifold description suffices. If not, we
need a stratified orbifold.

15.7

Problem of Time examples

Example A In 3-d Euclidean Relational Mechanics, elimination of the rotational auxiliary breaks down for collinear
configurations. This is due to these having singular inverse inertia tensors. The collinear configurations moreover
constitute a separate stratum (Fig 19).
Global Structure O.13

s(3, 3)

:=

q(3, 3)
Sim(3)

r(3, 3)

=

Rot(3) × Dil

=

p(3, 3)
Rot(3)

with standard spherical metric, now with Θ taking the half-range [0,

=

S5
SO(3)

=

S2+

`

S1 ,

=

S20 ,

`

R2∗

(200)

π
2 ].

Global Structure O.14 In the mirror image identified case,

s(2, 3)

:=

q(2, 3)

=

Sim(2)

r(2, 3)
Rot(2) × Dil

=

p(2, 3)
Rot(2)

S5

=

SO(2)

(201)

the last line differing from Structure 1’s for the given reason.
Global Structure O.15
R(3, 3) :=

q(3, 3)
Eucl(3)

=

r(3, 3)
Rot(3)

=

R6
SO(3)

= C

S2+

`

S1



=

R3+

`

O.

(202)

This has 3 strata for the same reason as above, with id alone acting on the maximal collision O. In the configuration
space geometry, the maximal collision O plays the role of cone point. The R3+ portion is moreover not metrically flat
(albeit it is conformally flat if treated to the exclusion O, all as per Sec 8.5.
Global Structure O.16
R(2, 3) :=

q(2, 3)
Eucl(2)

=

r(2, 3)
Rot(2)

=

R4
SO(2)

= C

S2+



=

R3∗

`

O.

(203)

I.e. there are now just two strata, since there is just an id action (on O alone) and an SO(2) action (on all other
configurations).
Remark 1 The distinction between O.13 and O.14, and between O.15 and O.16, first appeared in a private discussion between the Author and Isham in 2008. An offshoot is that the relational triangle ‘remembers’ the dimension
of the absolute space it was set up in. By this geometrical-level Relationalism fails to be a complete freeing from
absolute space’s properties. The strata in particular retain information about the ab inito carrier space’s symmetry
and topology. This occurs via strata picking up nontrivial isotropy groups alias stabilizers from quotienting out
the automorphism group. This (partial) ‘memory’ of the carrier space’s symmetry group is moreover also a (partial)‘memory’ of the carrier space topology. This is since the automorphism group is obtained by solving the (G)KE,
which ‘feels’ this as per Global feature –I.V.
Remark 3 The above two types of memory are perhaps not so surprising, as consequence of the identification of
‘Best Matching’ as being implemented via local Differential Geometry. Such methodology comes with no guarantees
of being able to banish topological features of the ab initio carrier space. Nor all symmetric features, since these
themselves have a partly-global character as per Global feature –I.V. Topological Relationalism is required to free
Physics from Topological Background Dependence. Relationalism to all levels of mathematical structure is in general
required to free Physics from all Background Dependence. Topological Relationalism and beyond lie however outside
of the scope of the current series.
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Example A0 reduced phase space
^ := Phase ,
Phase
G

(204)

can also exhibit stratifaction [164].
Example B So does Gauge Theory [103, 172, 178].
Example C.0 So can the reduced space of spacetimes
^
spacetime
for instance GR’s

=

PRiem(M)
,
GS (M)

(205)

geom(M).

Example C.1 In GR-as-Geometrodynamics, the h with nonzero Killing vectors – spatial metrics with symmetries –
form nontrivial stratification. DeWitt gave a conceptual account of this in [55], with Fischer concurrently providing
a superbly detailed technical account [56].
Remark 4 In GR’s Thin Sandwich case of Best Matching, localization away from metrics with nontrivial Killing
vectors is necessary for the Bartnik–Fodor existence and uniqueness Theorem [127] to apply.
Difference 1 One distinction between Shape Theory’s and GR’s strata is that while Shape Theory’s realize the
frontier condition, GR’s realize instead [56] the inverse frontier condition.
Difference 2 Another is that the full GR’s configuration spaces are infinite-dimensional. Some work on infinitedimensional stratified spaces has commenced [163, 164, 173, 206, 228]. The function spaces in use are not however
yet of the required kind to tackle GR eom(Σ) (such as tame Fréchet spaces [91], or possibly the alternative afforded
by [145]).

g

16

Conceptual classification of stratified manifolds

To date, relational stratified manifolds have moreover been observed to occur in five bands as regards their topological
properties.

16.1

Type o) Just manifolds

Remark 1 A fortunate few quotients of manifolds still manage to be manifolds, i.e. LEHS; Sec 8.4 gave some
examples.

16.2

Type i) Trivially-contiguous

These can be qualified as manifolds-or-orbifolds with boundaries, corners (etc. in higher dimensions). In these, some
of the boundaries, corners etc are geometrically distinct, but are still contiguous to the top stratum in the manner
of manifold theory.

16.3

Type ii) ‘Analytically nice’ and stratificationally-contiguous

We here require both of the following.
a) Nontrivial realization of the stratification contiguity condition
b) Either X is LCHS
or X is LCHP. There is moreover considerable degeneracy between P and S in the current context.
Remark 1 We shall outline detailed programs for such stratified manifolds in Sec 20.8.

16.4

Type iii) Stratified manifolds with isolated obstructions to Analysis

This Type iii) refers in particular to singularities occurring at certain stratificationally-distinguished isolated ‘bad
points’.
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16.5

Type iv) Non-Hausdorff stratified manifolds

Global Problem O.25 Quotienting a manifold
general preserve Hausdorffness.

m (in particular for us a state space s) by a Lie group does not in

Some examples of such state space quotients are moreover merely-Kolmogorov in separability [246].
Definition 1 A group action of G on a topological space X is [208]
proper if each compact subset K ⊆ X has action inverse-image α−1 (K) itself be compact .

(206)

Remark 2 We identify properness as a derivative notion of compactness. More precisely, it is a relative notion of
compactness [233].
Simplified regime 1 Proper actions guarantee Hausdorff separability is maintained under quotienting [246].
Simplified regime 2 Metric spaces are guaranteed to remain Hausdorff, at least for a suitable topology upon the
quotient.
Remark 3 Each of these cases takes us back to Type iii) (or better).

16.6

Examples revisited in the light of varying severity of stratification

Example A.0 Kendall’s shape spaces in 1- and 2-d are just manifolds = LEHS ⇒ LCHS ⇒ LCHP.
Example A.1 Kendall’s shape spaces in
moreover LCHS stratified manifolds.

≥ 3-d are nontrivially stratified and thus not manifolds. They are

Remark 1 Hausdorff-separated stratified manifolds occur e.g. in Kendall’s own Similarity Shape Theory [96, 113, 155]
in ≥ 3-d. The pure-shape 3-d 3-Body Problem is minimal for this occurrence. Here s(3, 3)’s hemisphere S+ 2 and
bounding edge S1 strata fit together with trivial contiguity. So do R(3, 3)’s R3+ , R2∗ and O strata. In contrast,
s(2, 3) is in a single piece. R(2, 3)’s is another case with contiguous strata: R3∗ and O. s(3, 3)’s distinction between
strata is due to only an SO(2) subgroup of SO(3) acts on the collinear configurations C. This illustrates that when
a group acts on a stratified manifold, some of its generators may be inactive on some strata, justify treating certain
contiguous pieces of configuration space as distinct strata.
Remark 2 More generally, for N ≥ 2, the shape-and-scale space is
R(d, N ) = C(s(d, N ))

(207)

for C the topological- and metric-level cone [208, 207] with O playing the role of cone point. For d ≥ 2 , N ≥ 3,
this is moreover a singular point. In contrast, in 1-d, the cone just returns the flat relative space RN − 1 as the cone
over Kendall’s preshape sphere SN − 2 . For N = 2, there is only one shape – the finite interval – so just R: the
cone over a point, ensues. In either case, the cone point has no associated topological or geometrical badness.
Examples A.3-4 Affine Shape Theory and Projective Shape Theory are both [201, 232] merely Kolmogorovseparated stratified manifolds. We detail this further in Sec 22.1.
Global Problem O.26 Configuration space reductions can kick one out of the class of manifolds into that of not
Hausdorff but merely Kolmogorov-separated stratified manifolds. In the current study of Relational Theories, this
means that the relational spaces – shape(-and-scale) spaces – are capable of being spaces of this kind.
Remark 2 Sec 18 moreover explores how Kendall’s Shape Theory itself manages to be immune from this phenomenon.
The resulting topological spaces level considerations moreover point to Hausdorff separation seldom being guaranteed
in the general study of relational spaces.
Example B Gauge group orbit spaces Orb, comprising the various possible orbits. These can also exhibit nontrivial
stratification. In the case of smooth proper actions, Hausdorffness ensues (and paracompactness and metrizability).
Example C.1 GR’s Superspace [56, 200] is also a Hausdorff-separated stratified manifold.
Example C.2 So is GR’s conformal superspace [67, 145].
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g

Metrics which possess Killing vectors form non-principal strata within eom(Σ). Also metrics which possess conformal Killing vectors form non-principal strata within C eom(Σ), behaving very similarly to the previous [145].

g

17

A first four strategies for handling the appearance of strata

The current Article’s analysis of strategies for stratification is the most advanced to date, superceding [246]’s which
in turn supercedes [234].

17.1

Strategy 1: Excise Strata

All bar the principal stratum are discarded here [66, 127]. This simplifies the remaining mathematics.
Global Problem O.27 It is however a crude approximation and an unphysical manoeuvre.

17.2

Strategy 2: Unfold Strata

One can set out to unfold the non-principal strata. These thereby end up possessing the same dimension as the
principal stratum [104].

17.3

Strategy 3: Accept All Strata

At least at first sight [234], this is the strategy in accord with Leibniz’s Identity of Indiscernibles.
Global Problem O.28 Harder mathematics is required however. A first reason for this is that the r-space is now
in general a nontrivially stratified manifold. A second reason is that heterogeneous attached objects enter, taking
one outside the remit of fibre bundles; see Sec 20 for consequent upgrades.

17.4

Examples and discussion so far

Example 1 For the d ≥ 3 N -Body Problem, collinear configurations are represented by a separate non-principal
stratum. This is geometrically distinct since these configurations do not have an invertible inertia tensor. This case
lies within the proper action simplification (provided that Example 2’s caveat is observed).
Remark 1 Excise is often applied here. See Fig 15 for a possible realization of Unfold in the 3-Body Problem
example. There is however nothing physically wrong with those collinear configurations that are not concurrently
partial collisions. Excise or Unfold in this case thus lack physical justification.
Example 2 Maximal coincidence-or-collisions, especially for d ≥ 3 , N ≥ 3, have various mathematical pathologies associated with them.
Remark 2 They can however be conveniently argued away by Excise or Unfold. In this case, there is least some
qualitative physical justification. Exact point-particle collision configurations break the modelling suitability of
mechanical point-particles. This is since the notion of a point particle surely breaks down when all the material
content of the universe is piled into a single point. Whenever the particle is actually a planet or a star, it has
material incompressibility, which eventually amounts to quantum degeneracy pressure. While this effect can be
overcome, a generally-relativistic regime – black hole formation – takes over. So classical Newtonian point-particle
models cease to be appropriate. Thus there is a physical reason to Excise or Unfold. These consideration apply to
any particle collision: maximal or partial.
Remark 3 However, some further Background Independence considerations apply solely to the maximal case. This
is since that is where all the material content of the universe is piled up. This gives further reasons for specifically
maximal coincidence-or-collisions to be removed.13
Remark 4 Both for the Thin Sandwich and for Best Matching more generally, examples which can be solved
can moreover usually just be solved locally. This e.g. constitutes an argument against the excision of collinear
configurations. On the other hand, Best Matching of stratified manifold configurations themselves is, more generally,
13 Moreover, mathematically, the N = 2 coincidence-or-collision behaves like subsequent partial rather than maximal such. Thus the
full list of reasons to excise maximal coincidence-or-collisions only applies from the d = 2, N = 3 ‘triangle’ configurations upwards.
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Figure 15: 3-particle configuration spaces in dimension ≥ 2 at the metric level.
a) The sphere.
b) The

S2 /Z3 orbifold of mirror image distinguishable configurations of indistinguishable particles.

c) The hemisphere with edge: an example of stratified manifold, which occurs in the spatially 3-d version. This corresponds to mirror
image indistinguishable configurations of distinguishable particles.
f) The hemisphere with edge quotiented by Z3 is a stratified orbifold (in this model particles and mirror images are both indistinguishable).
The coordinate range involved in this case is also known as Kendall’s spherical blackboard [155].
This is alongside Sec 17’s deliberation of whether to excise, unfold or accept strata. This is sketched out here as the variants in b), d),
e), f), g) and h).

a stratum by stratum process. The 3-particle model in 3-d, however, does not exhibit this. I.e. one can ‘spuriously
rotate around the axis of collinearity’, and so still perform the ‘Best Matching’ all in one go.
Example B In Gauge Theory, the strata are benevolent enough for Accept to be a viable strategy.
Example C For GR superspace, Excise was the first suggestion made. Unfold is proposed in [104]. Accept provides
however a relational argument against both of these.
Global Problem O.29 The prima facie attractiveness of conceiving of physics in terms of geodesics on configuration
also merits a geometrical challenge. For the underlying chain of thought is that configuration spaces are manifolds,
and geodesics thereupon are a straightforward matter. But the reality is that configuration spaces are in general
stratified manifolds, and geodesics thereupon are not a straightforward matter. Stratified configuration spaces q
readily admit stratum by stratum affine and metric structures [164].
i) Geodesics need to be computed stratum-by-stratum, since affine and metric structure are only assigned in this
manner.
ii) There is the further matter of how to continue geodesics which strike a boundary between strata.
An early idea was to consider geodesic reflection at the interface between strata [55]. On the other hand, Sec 20.8’s
work might provide alternatives for this based on Sheaf Methods.
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Temporal Relationalism’s locality is thus an open set within a single stratum, containing no potential space zeros
and throughout which a single GLET specification holds.
Globalizing this requires a stratum-traversing procedure, a zero traversing procedure (of which [130] provides a simple
example), and a patching procedure between adjacent patches’ GLETs.

Figure 16: For a geodesic γ running into another stratum, with a) traversing (e.g. by patching) and b) reflecting possibilities exhibited.

Remark 5 The Excise and Unfold strategies of Sec 4 work for stratified manifolds that are ‘analytically nice’. This
might or might not be modulo isolated ‘bad points’ as exemplified by the maximal coincidence-or-collision.
Global Problem O.30 That nonprincipal strata can be of equal or higher dimension to the principal stratum
presents a further problem for Excise. Excise pre-dates observation of nonprincipal strata that are equal- or higherdimensional relative to the corresponding principal strata.
Remark 6 One way to Unfold for Affine Shape Theory is to send it back to Kendall’s similarity model. In 2-d, this
is a complete unfolding, returning a CPN − 2 shape space manifold. In 3-d it is a partial unfolding: s(d, N ) still has
strata, albeit now of a nicer LCHS type.
Global Problem O.31 This unfolding however fails to apply Image Analysis’ well-motivated modelling assumptions.
Unfold Strata by itself may also fail to address the issue of separability between strata. It is a strategy which pre-dates
observation of merely-Kolmogorov separation between strata.
Remark 7 Mathematical advantages of the Excise and Unfold strategies include remaining within the familiar
mathematics of manifolds and then of fibre bundles.
Global Problem O.32 But is Unfold physically meaningful? (Or elsewise meaningful to the situation being
modelled.) Mathematically unique?
Remark 8 The current Book’s relational program favours Accept. Further quantum-level reasons for Accept are
outlined in the Conclusion.
Global Problem O.33 In some cases, this moreover amounts to accepting merely-Kolmogorov spaces. This lies
well beyond currently-available calculational tools [164, 205, 217] for handling stratified manifolds.
Remark 9 There are moreover the following contextual differences to take into account.
Context 1) Non-principal strata are ‘not meaningful to the underlying system being modelled’. I.e. the physical
setting’s subcase of this expression is ‘unphysical’.
Context 2) Non-principal strata are meaningful to the underlying system being modelled.
Context 2.1) Non-principal strata’s distinctions in dimension are meaningful to the underlying system being modelled.
Context 2.2) It is a non-principal stratum’s unfolded dimension, rather which is meaningful to the underlying
system being modelled.
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Global Problem O.34 Excise matches context 1, but is in conflict with context 2, in which apart from violating
the modelling, it can be a crude approximation. Unfold is in conflict with contexts 1 and 2.1, but matches context
2.2. Accept is not necessary in context 1, but matches context 2.1.
Remark 10 All in all, Background Independence requires one’s strategy concerning strata to match its modelling
context. (E.g. this can be thought of as quite an advanced example of Leibniz’s [2] Identity of Indiscernibles.)

17.5

Strategy 4: Unfold Strata Purely by Enhanced Physical Modelling

Global Problem O.35 We next point to the gap in the assumption made so far that unfolding is bereft of physical
content. For instance, one could take the point particles are but modelling approximations for more general bodies of
finite extent. In this case, alignment of their centres of mass does not alter the isotropy group in question. Enhanced
physical modelling would not however be expected to get round how quotienting in general does not preserve local
Euclideanness (or Hausdorffness or second-countability). I.e. there is no guarantee that increasing modelling accuracy
e into a manifold.
will be reflected by a successful unfolding of the stratified manifold q

18
18.1

Compactness selection principles for nice stratified manifolds
Compactness in group averaging

As a preliminary example, use of group averaging for Lie groups is itself a compactness selection criterion, since this
is needed for this construct to be well-defined.

18.2

Compactness in Kendall’s Shape Theory

Let us next observe the following two instances of compactness in Kendall’s Shape Theory.
Example 1 Sim(d) is noncompact. However, Sim(d) = T r(d) × (Rot(d) × Dil), and the centre of mass frame
map removes T r(d) while the unit sphere map removes Dil. All of Sim(d)’s noncompact generators can thus be
removed. This leaves us quotienting the preshape sphere by the rotation group,

s(d, N )

:=

p(d, N )
Rot(d)

=

Sn d − 1
SO(d)

,

(208)

which is an example of quotienting a compact manifold by a compact Lie group:

mcompact
Gcompact

.

(209)

On the other hand, strata appear for d ≥ 3 and yet the relational space remains LCHS.
Remark 1 The maximal collision is arbitrarily close to all other shapes. But this is a single point; excising it leaves
one with a sphere and is moreover justifiable on physical grounds.

18.3

Maximal compact subgroups

Remark 1 Extending to Affine Shape Theory, the compact preshape sphere remains involved. However the group
quotiented out ends up being the noncompact SL(d, R).
Remark 2 Conformal and Projective Shape Theories’ algebraic structure is moreover such that piecemeal removal
of T r(d) or Dil is not possible (see e.g. [244] for the details). Thus use of a preshape sphere is not possible, and we
are left with the schematic form
mnoncompact .
(210)
Gnoncompact
Rot(d) = SO(d) is the maximal compact subgoup [65] of each of SL(d, R), P roj(d), and Conf (d). These are
furthermore related by the partial order in Fig 17.a). See Fig 17.b) for the corresponding 1-d subcase.
Remark 3 Conf (2) is well-known to be infinitely generated. Consequently it does not support a Shape Theory by
qualitative mismatch of cardinalities: 2 N − inf inity < 0, indicating no room for consistency for any finite N . A
Möbius Shape Theory is however supported by a finitely-generated subgroup of Conf (2); Remark 2 then applies to
this as well.
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18.4

Simple useful results

Corollary 1 (Compact carrier space)

mcompact

⇒ (compact constellation space).

qcompact (d, N )

=

×NI = 1 mcompact .

(211)

Proof Compactness is productive. 2
Corollary 2 i) Constellation spaces for

Sd , Td and RPd are compact, ii) and so all quotients of these are too.

Proof i) is a subcase of Corollary 1, and ii) of compactness being quotientive. 2
Remark 1 Td , Sd , and RPd thus join ’Rd with up to affine transformations quotiented out have relationalspaces
that can be formulated in terms of a compact numerator-manifold [246]. In contrast, e.g. hyperbolic space Hd and
Minkowski spacetime MD are non-compact. The first of these does not admit a similarity Killing vector, while the
second does not form a compact preshape space due to indefiniteness [246].
Remark 2 R(d, N ) = R(Rd , N ) are connected and path-connected by the preshape sphere being thus and then
these being quotientive properties.
Remark 3 Wherever Kendall’s preshape sphere arises [155, 207], the exceptional geometrical tractability of spheres
adds available techniques. In particular in 2-d this corresponds to admission the generalized Hopf map to CPN − 2 .

18.5

Quotienting by proper group actions

Remark 1 Let us next consider a result that involves the right classes of numerator-space – a smooth manifold –
and of denominator-space – a Lie group – but which is nonetheless too specialized for study of stratified manifolds.
Lemma 1 Every continuous action of a compact topological group on a Hausdorff space is proper.
Proof See p. 319 of [215]. 2
Corollary 2 Compact geometrical automorphism groups act properly on constellation spaces.
Proof Constellation spaces are manifolds and in particular are thus Hausdorff spaces.
Automorphism groups are Lie groups and thus furthermore topological groups. 2
Theorem 1 (Quotient Manifold Theorem) Let m be a smooth manifold and G be a Lie group acting thereupon,
according to
α : G × m −→ m .
(212)
Suppose that G’s action is smooth, proper and free. Then
the corresponding quotient space

m
G

is itself a manifold .

(213)

Proof See pp. 544-547 of [215]. 2
Remark 2 The Quotient Manifold Theorem is too specialized given our main interest is in determining which
stratified manifolds arising from quotienting – a more general outcome – are Hausdorff. It however sees a bit of use
as a criterion guaranteeing manifoldness, and thus in particular Hausdorffness.
Remark 3 We are thus to progress by weakening the Quotient Manifold Theorem’s premises. On the one hand, free
actions are unduly stringent in studying stratified manifolds. On the other hand, there are solid technical reasons to
keep properness when possible.

18.6

Protective theorems in the case of quotienting out by compact Lie groups

Remark 1 Closed map techniques [208, 57] applied to quotient maps yield the following results. (Closed maps are
just maps that preserve closedness of spaces they act upon [208, 181].)
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Theorem 1 For X an HLC space and G a topological group acting continuously and properly, the corresponding
quotient space

X
is Hausdorff .
G

(214)

Proof See p 320 of [215]. 2
Corollary 1 For

m a manifold and G a compact topological group acting continuously, the corresponding
m is Hausdorff .
quotient space
G

(215)

Proof Manifolds are both H and LC.
Additionally, Lemma 1 applies, ensuring that our action is proper.
Theorem 1 then applies. 2
Corollary 2 Relational spaces formed by continuous action of a compact Lie group of geometrical automorphisms
are Hausdorff.
Proof The numerator-object is constellation space, and thus a manifold. Corollary 1 then applies. 2
Remark 2 The following strengthened result is also available (Exercise 4.8 on p. 199 of [159]).
Theorem 2 Quotienting a topological space X by the continuous action of a compact topological group G preseves
LCHS.
Corollary 3 For

m a manifold and G a compact Lie group, the corresponding
m is LCHS .
quotient space

(216)

G

Proof Manifolds are LCHS and Lie groups are topological groups. Theorem 2 then applies. 2
Corollary 4 Relationalspaces formed by action of a compact Lie group of geometrical automorphisms are LCHS.
Proof The numerator-space is constellation space, and thus a manifold. Corollary 3 then applies. 2
Remark 3 In the case of quotienting by a compact Lie group, Theorem 2 permits us to establish LCHS’s whole
package of tractable Analysis.
Theorem 3 Suppose an LCHS topological group G acts properly on an LCHS space X. Then
X
is itself LCHS .
G

(217)

Remark 4 LCHS spaces and LCHS topological groups generalize manifolds and Lie groups respectively. This is
thus more general than Theorem 2.
Theorem 4 Proper action of an LCHS topological group on an LCHS topological space gives a Hausdorff quotient
Proof See p. 31 of [168]. 2
Remark 5 On the one hand, adding discrete transformations to a continuous Lie group can breach connectedness
(giving multiple connected components). It cannot however breach compactness. Thus the results so far in this
section carry over to this case.
On the other hand, our next result – on the nature of each stratum – explicitly evokes a connected Lie group.
Theorem 5 Given a proper action (212) of a connected Lie group G on a manifold
quotient

m
G

is stratified by orbit type .
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m, the corresponding
(218)

Proof See Chapter 2 of [160]. 2
Corollary 5 Let G be a compact connected Lie group acting smoothly on a manifold

m
G

m.

Then

is stratified by orbit type .

(219)

Proof This follow from Theorem 4 via use of Lemma 1 to rearrange the statement. 2

18.7

Classification of relational theories by compactness criteria

Figure 17: Posets of geometrically significant automorphism groups yielding relational theories. a) R, b) Rd for d ≥ 2, c) T1 =

S1 =
(each for d ≥ 2), g) H2 , h) MD for D ≥ 2. Cases protected by the ‘quotient by a compact Lie group’
criterion are encircled, in red for the similarity Shape Theory of Kendall and its scaled Euclidean partner. Other nontrivial groupings
protected by this criterion are shaded in orange. Surviving trivial Relational Theories are in yellow. All of curvature, non-maximality,
topological identification reduce number of tractable Relational Theories in both GKV genericity and compactness terms. This places
all nontrivial spacetime Relational Theories outside of this protective compactness criterion. Since sadly nobody has done this Exercise
that I set in [246], it remains set here (poset of poseable relational theories in each of de Sitter and anti de Sitter).
RP1 , d) Td , e) Sd , f) RPd

This classification is given in Fig 17.
Remark 1 We cannot discount possibility of further cancellations in presentations giving ‘reducible noncompactness’:
reduction by re-representation of the quotient. Let us however consider quotienting out by noncompact groups in the
absence of such resolution. I.e. nonresolvably noncompact geometrical automorphism groups being quotiented out.
Compact automorphism groups and resolvably-noncompact groups give the simplest Type i) strata. ‘Resolvable’
here refers to passing to the centre of mass frame nullifying the translations, or their compactified equivalents in Td .
The aim is then to either find a counterexample or to rest this observation on rigorous theorems.
Remark 2 We argue moreover that much of the individual success of Kendall’s own Shape Theory is underlied by
these two compactness criteria: preshape space compactness and properness of group action thereupon,
compact manifold
mC , as realized by compact preshape sphere =
=
compact Lie group
GC
compact rotation group

Sn d − 1
SO(d)

.

(220)

Global Structure O.17 More generally, we show that ’quotient of a compact space’ and especially ‘quotient by a
compact Lie group’ confer protective theorems. In particular, the latter guarantees a LCHS quotient, so much of Sec
20.8’s work applies. This result can be viewed as a Selection Principle for stratified manifolds that are guaranteed to
enjoy Hausdorffness. Kendall’s Shape Theory lies in the intersection of these protected classes, a blessing that only
very rarely extends to other nontrivial theories.
Remark 3 On the one hand, our compactness characterization motivates some further Shape Theories which share
these features. This starts with isometric Shape-and-Scale Theory on T1 = S1 = RP1 , branching into separate
theories for Td , Sd and RPd . This guarantee is clearly absent for the above-mentioned affine and projective cases, as
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well as for further quotients of Minkowski spacetime. One can however keep on declaring carrier spaces, formulating
constellation spaces as finite products thereof, and then quotient them by whichever geometrical automorphism
groups the GKE poset on m supports.
Remark 4 On the other hand, most other Relational Theories considered to date – while a priori well-motivated –
fail one or both of the above compactness criteria for technical tractability. In particular, Projective and Conformal
Shape Theories on flat space, and Spacetime-events Shape Theories, fail both. Affine Shape Theory and Equi-topform Relational Theory involve quotienting the preshape sphere by noncompact Lie groups. Most cases are not
protected, leaving them open to being merely-Kolmogorov. The range of technically tractable (Scale-and-)Shape
Theories is very limited.

18.8

Slices in Gauge Theory and Mechanics

Definition 1 Let α : G × m −→ m be a ck -action (k ≥ 1) of a Lie group G on a manifold m. A ck -slice
slicex at x ∈ m for the action α is a ck -submanifold s ⊂ m through x such that the following hold (row 1 of Fig
18).
i) The tangent space Tx m = αx (g) ⊕ Tx s
ii) s is Gx -invariant.
iii) If x ∈ s, g ∈ G and α(g)(x) ∈ s, then g ∈ Gx .
Remark 1 Slices slicex carry information about the amount of isotropy of points near x [88]. Let us illustrate
‘amount of isotropy’ using Sec 15.7’s examples. Whereas 2-d mechanical configurations have just the one isotropy
group SO(2), 3-d ones have 3 possible isotropy groups: id, SO(2) and SO(3). These have corresponding orbits of
the form SO(3), S2 and 0 respectively. This correspondence follows from the isotropy group also being known as the
stabilizer group, and well-known relations between orbits and stabilizers.
Remark 2 Multiple dimensions of isotropy groups point to multiple dimensions of orbits by the Orbit–Stabilizer
Theorem. Group orbit spaces Orb are not in general manifolds – entities of unique dimension – but rather collections
of manifolds that span various dimensions. This motivates consideration of further generalizations of manifolds as
follows.
Remark 3 That
dim(slicex ) = dim



X
G


= dim(X) − dim(orbx ) ,

(221)

at least naively, may play a role below. However, by below discussion of topological dimension, this expression is not
even a maximum dimension.
Remark 4 As regards the quotient X/G at a generic point x, let G have a free action on X with a slice slicex . Then
there is a neighbourhood x ∈ U such that (collection of G-orbits passing through U) is a manifold
(first picture in row 2 of Fig 18). See p 186 of [88] for a very short and straightforward proof.

diffeo

∼

slicex

Motivation ∃ local slice ⇒ a lot of machinery is available, by which many results apply in this case and in this
case only.
a) This includes the Quotient Manifold Theorem, which can be proven more specifically by applying the Tube Lemma
[215] around a slice there.
b) Proper action ⇒ ∃ local slice ⇒ one can partially-order the orbit types [168].
c) An action on a manifold

m is proper iff there is a G-invariant Riemannian metric on m [82].

Remark 5 In the non-proper case, in general there is no slice.
Remark 6 Palais moreover showed that there exist slices for actions of noncompact Lie groups [33].
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Remark 7 Gauge orbit spaces Orb are separable – and thus in particular Hausdorff – as well as second-countable,
metrizable and paracompact. See e.g. [103, 172, 178] for more on the topology and geometry of gauge orbit space,
and the corresponding symplectic spaces, including in terms of stratified manifolds.
Global Structure O.18 All of Gauge Theory, the N -Body Problem and GR benefit from having Slice Theorems.
Gauge Theory’s Slice Theorem [103]. The action of the gauge group on space Λ1 of Ai admits a slice at every
point.
This applies in a principal fibre bundle setting, and can be proven via use of tubular neighbourhoods [74] formed
around the slice.
Gauge Theory’s Stratification Theorem [103]. The decomposition of Λ1 /g by group orbit type is a regular
stratification.
Remark 9 L2 suffices for the above workings, though one can uplift to more general function spaces [172] including
so as to attain compatibility with the GR case below.
Remark 10 E.g. [171, 186] give Mechanics counterparts. The of these is a Phase-level treatment. The second includes both tangent and cotangent bundle treatments, however, rendering it more suitable to the current subsection’s
comparative discussion.

18.9

Slices in GR

Remark 1 Palais and Ebin [54] showed that Dif f (Σ) is not compact. They also showed that this acting on Riem(Σ)
is nonetheless one of the cases for which a slice does exist (see [50, 56] for commentary). This Slice Theorem is the
best result than can be hoped for [56], due to this Dif f (Σ) action not being free.
Ebin–Palais Slice Theorem [54]. Using [56]’s presentation, for each h ∈ Riem(Σ)
∃ a contractible submanifold h ⊆ s such that (last row of Fig 18)
i)
For φ ∈ Dif f (Σ) and φ ∈ I(Σ, h), φ∗ s = s .

(222)

φ 6 ∈ I(Σ, h) ⇒ φ∗ s ∩ s = ∅ .

(223)

a local section Γ : V −→ Dif f (Σ)

(224)

φ(p, s) = {Γ(p)}∗ s

(225)

ii)
iii) ∃ h ⊆ V ⊆ orb(h), and
such that
(for s ∈ s and p ∈ V
for open neighbourhood idI(Σ, h) ∈ V ∈

Dif f (Σ)
coset space
I(Σ, h)


(226)

is a fré(c∞ )-diffeomorphism
φ : (V × s) −→ (an open neighbourhood h ∈ Nh ) .

(227)

A ready consequence is as follows.
Superspace Decomposition Theorem [56]. The decomposition of
partially-ordered fré(c∞ )-manifold partition.

geom(Σ) into group orbits is a countable

By the preceding and Sec 15.4’s inverse frontier property, the following holds as well.
Superspace Stratification, Stratum and Strata Theorems [56]. The manifold partition of superspace is an
inverted stratification indexed by symmetry type.
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Figure 18: Slices.
Remark 2 Fischer additionally tabulates classifications of the superspace topologies and of the strata. The Stratum
Theorem includes [56] that a stratum of superspace is finite dimensional iff the group action on the manifold is
transitive (corresponding to a homogeneous space). See e.g. [56, 104, 134, 143, 200] for further topological studies
of superspace; the first of these shows that superspace(Σ) is S; the last of these documents further difficulties with
putting a Riemannian metric on superspace.
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19
19.1

Metric Protection Theorem
The general result

Using an inf G-All move on the 2-slot 2-action G-comparer,

→
0
Dist([Q], [Q ]) := infg ∈ G Dist(Gg Q ,

→
Gg

0

Q)


.

(228)

by which the quotient is itself a metric space. Thus it is LCHS and so P as well. It is not however necessarily LE,
so LCHS stratified manifold is the outcome.

19.2

The Fischer comparer

In the particular case of GR-as-Geometrodynamics, Riem(Σ) carries an analytic metric. Fischer [56] furthermore
used the preceding subsection’s construct to place a metric (in the metric spaces sense) on space(Σ),

Dist([h], [h0 ]) := infφ ∈ Dif f (Σ) Dist(φ∗ h , φ∗ h0 ) .
(229)
I.e. the Dif f (Σ) case of our given construct.

19.3

Similarity Shape Theory

Global Structure O.19 Since the preshape space sphere
dSn d − 1 s2 , for preshape configurations P , P 0

p(d, N )

=

Sn d − 1 carries the obvious spherical metric


Dist([P ], [P 0 ]) := infS ∈ Sim(d) Dist(S P , S P 0 ) .

(230)

This guarantees connected, compact, Hausdorff, second-countable and thus LCHS and this P as well.
Global Structure O.20 Carrier spaces equipped with a natural Analysis notion of metric also constitute a partlydistinct protected class of quotients. This is now all Relational Theories on carrier spaces supporting Riemannian metric geometries, while not including any Relational Theories on carrier spaces supporting nontrivially semi-Riemannian
metric geometries. This is a simple enough pattern to not necessitate its own poset figure; nonetheless, we stake a
claim on all these new Shape Theories and Shape-and-Scale Theories.
Remark 1 Overall the first-rank generic relational theory is relationally trivial, and the second-rank generic nontrivially relational theory’s quotient space is merely-Kolmogorov. This bounds tractable nontrivially-relational theories
to being doubly-nongeneric, which is a rather significant observation to make if we attempt to generalize the known
scope of relational theories. It indicates that we cannot generalize very far, because known tractable nontriviallyrelational theories such as Kendall’s are at least doubly nongeneric. Kendall’s Shape Theory is moreover at least
quintuply nongeneric: its carrier space possesses not only Killing vectors but a fortiori the maximum possible number
of Killing vectors, and carries a natural metric in the metric spaces sense, and satisfies two compactness criteria. This
underlies many of the ways in which that example is remarkably well-behaved, which cannot moreover be expected
to extend to many other examples. We have however found a way of viewing Affine and Projective shape spaces as
Hausdorff.
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20

Stratified manifold pairings

20.1

Insufficiency of fibre bundles

For stratified manifolds, fibre bundles [153, 133] generally cease to suffice, since attached objects can need to be
heterogeneous stratum by stratum. For instance, charts and tangent spaces in general differ in dimension from
stratum to stratum (Fig 19). This can be viewed as a globalization by extension employing of multiple types of
patch. Manifolds with boundary [215] and manifolds with corners [215] are in this way already more complicated
than plain manifolds.

Figure 19: This configuration space – a manifold with boundary – has three types of chart. On the other hand, binary collision (B)
and other collinear (C) configurations have the same isotropy group, so the B’s do not constitute distinct strata.

20.2

General bundles

The following are minimal as regards accommodating heterogeneous attached objects.
Global Structure O.21 General bundles [153, 133] retain the total space E, base space B and projection π roles,
while no longer having a role for fibres F. Preimages of points x ∈ B, π −1 (x) generalize this role.
Remark 1 The notion of fibre bundle section moreover transcends to general bundles [153, 133] and sheaves [233]14 .
In particular, obstructions to the existence of general bundles’ global sections can be modelled cohomologically (see
Remark 2 of Sec 20.5).

20.3

Presheaves

Opening Remark Consult Appendix A for any Category-Theoretic needs incurred by the rest of this Section.
Global Structure O.22 Presheaves [122, 150] can also handle heterogeneous attached objects. These are based on
a mathematical reconceptualization in which restriction maps play a central role.
Definition 1 Presheaves are functors

E

:

−→

set

(231)

∼

(or on occasion some other category such as Vec
), such that the following hold.
∼
i) Each inclusion of open sets W ⊂ U corresponds to a restriction morphism15
resW
U : f (U) ⇒ f (W) ∈

set .

(232)

∼

ii) resW
U is the identity morphism.
iii)
resW
V

◦ resVU

= resW
U for open sets W ⊆ V ⊆ U .

(233)

See Fig 20 for meanings of these conditions.
Definition 2 For open subset U of X (upon which the topological space hX, Ti is based), Γ

E over U.





E, U

is the section of

It is a global section if it is over the whole of X itself.

Remark 1 This notion of section indeed generalizes that of fibre bundles as regards being the gateway to a more
general range of Global Methods.
14 There
15 We

is even a somewhat-analogous notion of section for categories [193]
subsequently use the standard notation for restriction s|W := resW
V (s).

56

Figure 20: a) Map from each open subset U ∈ hX, Ti to a group of sections over U. Each section is depicted as a point sl .
b) These are equipped with restriction maps resV
U for each U included within each V. In these last three figures, the (pre)sheaf functor
is denoted by a flat backed arrowhead and restriction maps with ordinary arrowheads.
c) The restriction of an open subset to itself is just the identity.
d) Restriction is independent of whether one goes via an intermediate subset: the drawn maps form a commuting triangle.

20.4

Sheaves

Conceptual outline Sheaves are tools for tracking locally defined entities by attaching them to open sets within
a topological space. Sheaves (historically another notion of Leray’s; see [161] for a review) generalize functions and
function spaces; they are however but one subcase of functor categories, which further generalize function spaces.
(Pre)sheaves are a universal language for such a notion of ‘over’, or ‘thereover’. As compared to presheaves, sheaves
are furtherly structured global tools in possession of two further useful properties. I.e. a ‘local to global’ gluing
condition and a ‘global to local’ localization condition. We formalize this as follows.
Definition 1 A sheaf [109, 150, 105, 191, 164] is a presheaf that additionally satisfies the following conditions.
iv) (local condition). Let Cover := {Ul }l ∈ L be an open cover of an open set U. Suppose
s1 , s2 ∈

E (U)

(234)

obey
s1 |Ul = s2 |Ul

(235)

E (Ul )

(236)

for each Ul . Then s1 = s2 .
v) (gluing condition). Let
sl ∈
be sections that agree on their pairwise overlaps
sl |Ul

∩ Um

= sm |Ul

∩ Um

∀ l, m .

(237)

Then
∃ !s ∈

E (U)

such that resU
Ul (s) = sl .

(238)

See Fig 21 for meanings of these conditions.
Example 1 Each of the sets of smooth, real-analytic and complex-analytic functions can be viewed as sheaves. This
includes in the setting of these being defined over suitable manifolds [196].
Counter-Example 2 The bounded functions on

C do not form a sheaf.
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Example 3 Each of the sets of smooth, real-analytic and complex-analytic sections of a vector bundle form a sheaf
[196]. This illustrates how fibre bundles themselves can carry sheaf structure.
Definition 2 The sheaf notion of section
s ∈

E (Ul )

with s|Ul = sl for each l ∈ L .

(239)

Figure 21: Sheaf axioms.
a) A section is determined by its local restriction in the depicted sense.
b) A section over all of U can be glued together from sections on Ul such that U =

`

l Ul

under the depicted circumstances.

Remark 1 These properties render sheaves adept as a means of formulating more general patching constructs. One
can now attach heterogeneous objects to different base space points rather than attaching homogeneous fibres in
the formation of a fibre bundle. A simple application of this is to the heterogeneous types of chart involved in the
study of a given nontrivial stratified manifold as per Fig 19. See e.g. below and [205, 191, 164] for a wider range of
applications to stratified cases of q and Phase.
Remark 2 Attaching locally defined entities to open sets within a stratified manifold is, straightforwardly, a subcase
or application of this. We need not further detail sheaves for the purposes of the current Article. See [223, 196, 233]
for outlines, [150, 76] for detailed texts, and [234] for an outline in the Problem of Time context.
Remark 3 One application is in meshing together the heterogeneous types of charts possessed by a stratified
manifold. Another is that sheaves can be used to define metric-level geodesics within stratified manifolds. This
points toward handling paths that move into boundaries between strata. It thus points on to e.g. geodesic principles
upon stratified manifolds.
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20.5

Outline of sheaf cohomology and its avoidance

Conceptual outline Sheaves provide a means of formulating obstructions that generalizes the topological treatment
using fibre bundles for obstructions that are already familiar in Theoretical Physics [92, 117, 141, 101]. In each case,
the notion of section has an associated notion of cohomology concerning obstructions to the presence of global
sections. For sheaves, this is given the natural name of sheaf cohomology, and indeed turns out to be widely useful
from a computational perspective [105]. This ensures the sheaf encodes the topological level of structure of generalized
spaces as well as their geometrical structure.
Global Structure O.23 For HP spaces, sheaf cohomology also reduces to [233] the simpler, older and more widely
studied Čech cohomology (provided in the next subsection). This rests on [233] HP spaces admitting partitions of
unity (Sec –I.6.2) and Shrinking Lemma (Sec –I.21.2). For ease of finding further discussion and results in this area
of the literature, let us comment that the technical name for sheaves that are simpler in this way is soft sheaves
[233, 196]. Sheaf cohomology can conversely be viewed as a means of extending Čech cohomology away from HP
spaces [233]. Indeed, this is how sheaf cohomology was first arrived at by Serre [75].
e and corresponding
Remark 1 Our systems of interest have HP stratified manifolds for their r-configuration spaces q
phase spaces. This does not end the work we need to do in setting up sheaves however, since some of our notions
of locality are in associated spaces such as PDE solution spaces, or the reduced phase spaces that some observables
algebras evoke.
Remark 2 Assembly of local information into global information for general bundles itself proceeds via a sheaf
cohomology functor.
Remark 3 See [150, 105] if any actual sheaf cohomology is required at any level of the study.

20.6

Čech cohomology

We here model a topological space hX, Ti by use of open covers. This turns out to work well for the following type
of cover.
Definition 1 A cover is good [32] if every open set and finite intersection thereof are contractible.
Definition 2 The nerve Nerve ({Ul }l ∈ L ) of each cover {Ul }l ∈ L is the simplicial complex (Sec –I.9.2) which is built
as follows.
i) Allot one vertex per element Ul of the cover.
ii) Allot one edge per pair of elements of the covers which have non-empty intersection.
iii) Continue through with this pattern of allotting one k-simplex per {k + 1}-fold of elments of the cover with
non-empty total intersection.
Remark 1 This is manifestly a combinatorial construct; see [90] for lucid elaboration of this point.
The introduction of nerves leads to the following notion.
Definition 3 The Čech cohomology of T is the simplicial cohomology of Nerve ({Ul }l ∈ L ) for {Ul }l ∈ L a good cover.
Remark 2 This is an example of a model space being successful through manifesting properties of the underlying
space.
Remark 3 The cohomological operation in passing between open covers is refinement of open covers.
Remark 4 If the topological spaces are additionally smooth differentiable manifolds, then Čech cohomology furthermore coincides with [32] de Rham cohomology. This will not however do for nontrivially stratified manifolds.
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20.7

Subcartesian differential spaces

Definition 1 A differential space hX, DSi is a topological space X equipped with the differential structure DS of a
family of R-valued c∞ (X) (say) functions (Fig 22.a) satisfying the following axioms [198, 217].
i) The family of sets


f −1 ((a, b)) | f ∈ C ∞ (X), a, b ∈

R

(240)

is a subbasis for X’s topology (Fig 22.b).
ii) Suppose a function f on X is such that
∀ x ∈ X ∃ (open neighbourhood of x : Ux ⊆ Q) ,

(241)

and a function
fx ∈

c∞ (X)

(242)

such that the alignment of restrictions
f |Ux = fx |Ux ,

(243)

holds (Fig 22.c). Then
f ∈
iii)
∀n ∈

N,

c∞ (X) (i
∈ c∞ (X) :

fi ∈

F (f1 , ... , fn )

c∞ (X)

(closure) .

(244)

c∞ (Rk ) ,

(245)

‘componentwise composition’ .

(246)

= 1 to n) and F ∈

Figure 22: a) Differential structure’s family of functions.
b) i)’s subbasis condition.
c) ii)’s alignment of restrictions.
d) depicts subcartesian spaces, which can accomodate some syratified manifolds as per e).

Remark 1 Our f ∈
continuous.

c∞ (X) provide a new sense of smooth function.

i)then readily implies that these are indeed

Remark 2 The above structure is close to much earlier work of Sikorski [44].
Remark 3 ii)’s involvement of restrictions is moreover close to the starting point for presheaves.
Remark 4 These differential spaces have the advantage of permitting study of some stratified spaces (setting
X = Xstratified ) while also providing a notion of derivation. This gives a partial weakening of manifolds’ tangent
bundle.
Example 1 hRn , c∞ (Rn )i: the standard differential structure thereupon, and the obvious arbitrary differentiable
manifold generalization of this.
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Example 2 Arbitrary X with indiscrete topology, with
Example 3 Arbitrary X with discrete topology, with

c∞ (X) the constant functions on X.

c∞ (X) all the functions on X.

Definition 2 A diffeomorphism of differential spaces is defined as usual, except that ‘smooth’ is in the new differential
space sense.
Remark 5 Differential spaces’ definition making no use of our target good behaviour – Hausdorffness – we introduce
the following strengthening.
Definition 3 A subcartesian space is a Hausdorff differential space X such that each point x ∈ X possesses a
diffeo
neigbourhood U ∼ A ⊆ RK , for A some subset of the Cartesian space RK .
Remark 6 This gives a generalization of the notion of chart (Fig 22.d). n can moreover be x-dependent (Fig 22.e)
so (at least some) stratified manifolds can be included.
Remark 7 Subcartesian spaces support much of Analysis. This includes notions of Calculus and of Differential
Topology, by which they are rather well suited to Physics. Subcartesian spaces are moreover relevant as pairs to
stratified manifolds via the following result (which we again slightly rearrange using Lemma 1).
Remark 8 Sniatycki restricts to LCHS stratified spaces.
Remark 9 We would next need to develop the theory of the derivation operation [217].
Remark 10 The current Article’s focus is on quotienting and orbit space applications, for which we have the following
results.
Theorem 1 [198] Given a proper action (212) of a connected Lie group G on a manifold
quotient space

m
G

is a subcartesian space .

(247)

Corollary 1 Let G be a compact connected Lie group acting smoothly on a manifold
quotient space

m
G

m, the corresponding

m.

Then the corresponding

is a subcartesian space .

(248)

Remark 8 An enhanced result about the nature of each stratum is then as follows, including once again rearrangement by Lemma 1.
Theorem 2 [198] For a proper action of a connected Lie group G on a manifold
quotient

m
G

m, the corresponding

’s stratification by orbit type coincides with the partition of

Then the corresponding quotient

m
G

(249)

m

.
G
Corollary 2 Let G be a compact connected Lie group acting smoothly on a manifold
by the family of orbits of all vector fields on

m

(250)

m.

’s stratification by orbit type coincides with the partition of

m

(251)

m

.
(252)
G
Remark 9 Relational spaces that can be phrased in terms of a compact Lie group G are thus guaranteed not only
Analysis protection but also a substantial degree of Differential-Geometric familiarity.
by the family of orbits of all vector fields on

Remark 10 LC subcartesian spaces (which are thus in particular LCH) hae theor own version of the Palais Slice
Theorem.
Remark 11 To have forms sufficiently like those of standard Differential Geometry, we use Marshall forms [72].

61

20.8

(Stratified manifold, space thereover) pairs

Remark 1 Since what we consider as ‘space thereover’ is either a sheaf or a differential space, ‘restriction-rooted
space thereover’ is a sharper description. Also the techniques developed to date are for LCHP or LCHS ⇒ P
spaces, both of which are HP. Thus on the one hand Article –1’s Shrinking Lemma protected localization applies,
while on the other hand any sheaves involved are soft, with their cohmology reducing to the Čech one. Three versions
are available, as follows.
Global Structure O.24
Pflaum’s (LCHP stratified manifold, sheaf) pairs [164]
Global Structure O.25
Sniatycki’s (LCHS stratified manifold, differential space) pairs [217]

(253)
(254)

Global Structure O.26
Kreck’s (LCHS stratified manifold, sheaf) pairs [205] ,

(255)

which he terms stratifolds.
Remark 1 All three of these approaches can be used in the study of N -Body Problem configuration spaces, provided
that maximal collisions are avoided in some way (e.g. considering cases with none, or excising).
Remark 2 To date, phase space versions of i) and ii) have been worked out, while iii) comes with an infinite-d
version (albeit not for now using the Fréchat spaces motivated by Physics’ Field Theories). Also in Field Theory, P
holds more widely than S does.
Global Problem O.36 If we want to use Kreck’s approach iii), we need to check that it extends to phase space.
Global Problem O.37 If we want to use Kreck or Sniatycki’s approach, we face limitations due to second countability not necessarily applying to all key state spaces.
Global Problem O.38 No matter which of these three approaches we use, (especially GR or GR-coupled) Field
Theory remains hard to address due to the approaches not having been rendered compatible with F‘échet spaces (or
some adequate substitute).
Global Structure O.27 Many PDEs on differential-geometric spaces, and their solutions can be modelled at an
advanced level with [196, 81] function spaces that are furthermore sheaves. This can be viewed as an advanced (if
not always applicable) patching technique.
Global Problem O.39 As regards the GR Thin Sandwich Problem, while its ellipticity may give some hope to
application of sheaves, nothing specific is known about applying any of i) to iii) to this. GR’s conformal initial-value
problel is likewise elliptic.
Remark 4 Sheaves would not however by themselves be expected to enforce isomorphisms between spaces shown
to be inequivalent, as occur in e.g. the Torre Impasse.
Remark 5 The above selection of structures and remarks can be viewed as a first progress report on [234]’s Research
Projects 41) and 42): “to what extent can Sheaf Methods advance our understanding of N -Body Problem configuration
and phase spaces? ... What about for GR’s Thin Sandwich Problem?" See also Global Problem O.48 for a distinct
answer.
Remark 6 We return to the matter of presheaves and sheaves in PDE context in considering Article 2’s observables.
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20.9

Comparison with Kendall’s earlier treatment of shape space topology

i) Similarity shape spaces possess a metric that is compatible with their topology. So, using the corresponding balls
to ‘house off’, Hausdorffness is guaranteed.
ii) Kendall et al. [155] showed that these shape spaces can be modelled as finite CW spaces: closure-finiteness spaces
equipped with the weak topology. (See [98, 162] for pedagogical introductions to such and [142] for product and
quotient theorems thereupon.) Being CW moreover implies local contractability, compactness and paracompactness.
Compactness implying local compactness, we thus arrive at Kendall’s similarity shape spaces being LCHP. This
renders Pflaum’s approach [163, 164] to stratified LCHP spaces (from the subsequent 2 years) applicable to furthering
Kendall’s Shape Theory.
iii) The way I recommend of looking at these shape spaces – as quotients by compact groups – proceeds via establishing
that they are LCHS.
iv) By LCHS ⇒ P, I recover most of Kendall et al’s topological-space level conclusions. From this position, moreover,
Kreck’s and Sniatycki’s approaches to LCHS stratified manifolds – 1 decade more modern than Pflaum’s – become
applicable.

21
21.1

Global effects in the presence of strata
G-act G-all at the global level

Global Problem O.40 G-act, G-all entails some extra complications if Object is not a manifold [234]. Then our
structure is not a fibre bundle; it could e.g. be a general bundle, a presheaf or a sheaf. It is here of interest under
which circumstances this can be defined, and in a manner that retains a meaningful notion of section. (Pre)sheaves
do indeed support a such. A harder case, at the quantum level, is letting Object be a suitable space of quantum
operators.

Figure 23: G-act, G-all technique in general bundles setting.
Remark 1 The G-act construct is moreover capable of storing global information. In the common case in which o
and G are topological manifolds (in the latter through being a Lie group), this takes the form of a G-fibre bundle.
In this case, G-all completes the computation of a particular section O G-inv . This is by a procedure that peruses
all the information on each fibre so as to ensure a G-invariant output. This is illustrated free of ‘M aps’ on the first
line of Fig 23. Upon including ‘Maps’ as well, because G-act does not act on ‘Maps’ the first square commutes. The
second does not, however, since G-all does in general act on ‘M aps’. Involving ‘Maps’ in general clearly alters the
output of summing, averaging, inf or sup taking or extremization. Thus the section O G-inv which ignores ‘M aps’ is
indeed expected to differ in general from the section O 0G-inv which entertains some ‘M aps’.
Remark 2 The first square upon applying maps commutes while the second need not (Fig 23).

21.2

Gribov effect in the presence of strata

Global Problem O.41 The Gribov ambiguity itself can be further understood in terms of the geometry and topology
of the principal stratum [172].
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Global Problem O.42 LCHS or LCHP stratified manifolds can be paired with sheaves, upon which the sheaf
analogue of the Gribov effect for sheaf sections impinges.

21.3

Monopoles in the presence of strata

Figure 24: 3-d stratified version of Iwai monopole.
Global Problem O.43 Stratification features cause further subtleties in the study of monopoles. Physical investigation of topological defects in the presence of stratification remains in its infancy [116, 172].
Remark 1 The 3-Body Problem in 3-d is minimal to exhibit stratified monopoles. These have multiple strata as
per Sec 15.7. See Fig 24 for this monopole.
Remark 2 See [240] for 3 further monopoles for the 3-d 3-Body Problem, including one instance of stratified orbifold
monopole.

22
22.1

Harder stratified spaces
Affine and projective shape spaces

Example 1 In the affine case, d = 2 , N = 4 is minimal for relational nontriviality [248], i.e. the affine quadrilaterals in the plane [201, 267]. Here each of collinear shapes C and non-collinear shapes G form their own RP2
stratum [201, 231],
`
S(2, 4; Af f (2)) = RP2
RP2 .
(256)
Every point in C moreover lies arbitrarily close to every point in G. For any G can be ’sheared almost flat’ relative to
enough axis pair choices to render it almost collinear. This impossibilitates Hausdorff, or even accessible, separability,
leaving our affine shape space merely Kolmogorov-separated [201].
Remark 1 The general affine group in Rd is Af f (d) = T r(d) × GL(d, R) and passage to centre of mass frame
remains valid. Thus one is left with GL(d, R). That affine shape spaces have multiple strata then rests more
generally on this possessing a SO(d) subgroup. This feature is clearly persistent with increasing d and N . The
merely-Kolmogorov separability is itself also persistent in this sense [201].
Remark 2 The affine quadrilateral also suffices to illustrate the capacity of non-principal strata to be equidimensional
with principal strata,
knon-principal = kprincipal .
(257)
In some of the larger models, moreover, nonprincipal strata can even exceed the dimension of the corresponding
principal strata,
knon-principal > kprincipal .
(258)
Both of the above run counter to the ‘intuitive presupposition that’
knon-principal < kprincipal ,
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(259)

by which non-principal strata would be measure-theoretically non-generic, and perhaps therefore even excisable or
‘quantum-mechanically negligible’.
Remark 3 The above discussion gives a strong sense in which the affine quadrilateral is the next illustrative model
for humanity to consider after triangleland in the plane and in 3-space (Sec 15.7).
Remark 4 Projective Geometry is well-known to cure Affine Geometry of various imperfections [16]. However,
passing to Projective Shape Theory does not alleviate the corresponding Shape Theory’s shape space’s merelyKolmogorov separation [232].
Global Problem O.44 Affine and Projective Shape Theories are merely Kolmogorov-separated. This is consistent
with the properness guarantee failing for the corresponding shape space quotients. None of the Pflaum, Kreck or
Sniatycki approaches will do here.
Example 2 Merely-Kolmogorov separation in fact already occurs in the version of Kendall’s Shape Theory in which
the maximal coincidence-or-collision O amongst the shapes. For in this case, O is arbitrarily close to every point in
the phase space.
Remark 4 This is however another instance of isolated bad point (Type iii) and is usually just treated by wellmotivated Excision, returning the usual version of Kendall’s Shape Theory. But neither this classification nor this
solution transcend to the above affine or projective models.
Remark 5 A change of modelling can be used to pass from the above projective shape space to a more tractable
subspace. This is based on [232] including only a more limited selection of projective shapes.

22.2

Mumford’s criterion and it relational range of applicability

Remark 1 [201] furthermore describe the affine shape space level phenomenon impossibilating affine shape space’s
Hausdorffness and accessibility, as follows.
“Suppose a group G acts on a topological space X, that p ∈ X is a point whose orbit orbp is not closed in X, and
X
,
that q ∈ X lies in Clos(orbp ) but not in orbp itself. Then, letting pe, qe denote the images of p, q in the quotient G
every open neighborhood of qe contains pe."
Remark 2 We now clarify [247] that this is a ‘Mumfordian’ phenomenon, with reference to Mumford’s 1965 approach
here (see [135] for an updated review). He considers
X
for X now in general a variety [76] .
G

(260)

Some orbits are then ‘discarded for not being stable’, making this a more advanced Excision strategy. The criterion
for what is unstable and so to be discarded in this approach is the above-quoted one.
Remark 3 This is not stated to always occur upon quotienting out nocompact groups, or even in the presence of
nonproper actions. See the next subsection for simple counterexamples.
Global Problem O.45 Let us now contemplate the applicability of such an excision. On the one hand, in Shape
Statistics, Image Analysis and Computer Vision, this holds up because only approximate data are ever observed.
So one can contend that, e.g. location data never contains any exact collinearities in the first place. By which
the corresponding stratum of collinear configurations can be removed from the modelling. On the other hand,
in Geometry collinear configurations and other nonprincipal strata shapes have an exact existence. In Classical
Dynamics, moreover, dynamical trajectories necessitate handling passage through lower-strata states.

22.3

Reconciliation with the metric guarantee

Paradox 1 If one knows both the Shape Theory literature and the GR configuration space literature, a ‘paradox’
readily forms. For recollect that GR superspace is established to be Hausdorff by having a natural metric (in the
Analysis sense) on its unquotiented space Riem(Σ) of spatial 3-metrics. This induces another natural metric on
quotients, and metric spaces are readily established to be Hausdorff. This procedure however clearly also applies to
quotients of Euclidean spaces, including in particular the constellation space that Affine Shape Space is a quotient
of. This just follows from Euclidean spaces clearly possessing its own natural metric (in the Analysis sense). A
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slightly more involved argument can be used to place a natural metric on projective constellation space too. So these
natually-metrized models of affine and projective shape space have to be Hausdorff, contradicting Sec 22.1.
Reconciliation A gap in the argument is that spaces can be equipped with inequivalent topologies. What we have
therefore established is that there is a rival natural topology for affine and projective shape spaces that is induced
from the original Euclidean carrier space. If one works with this topology, then Hausdorffness is guaranteed, greatly
ameliorating analytic behaviour. This provides a distinct strategy to that documented in Sec 22.1’s Remark 5. This
incidentally means that we have found an interesting analytically tractable alternative theoretical model for Image
Analysis and Computer Vision, meriting a specific note elsewhere [267].

22.4

Events relational space and Superspacetime

Global Problem O.46 The formula (6) for ER(D, N ) does not involve a proper action. Identification under boosts
is moreover not well-behaved from a separation point of view, leaving one again with merely-Kolmogorov separation.
This non-properness and merely-Kolmogorovness moreover extend to eom(M) and EOM(M). That eom(M)
is not Hausdorff was already reported in [43].

g

g

g

Remark 1 Deformations of spatial hypersurfaces in spacetime include boosts, so problems caused by boosts are
endemic throughout the above.
Remark 2 With spacetime’s geometrical metric being indefinite, there is now no natural analogue of Euclidean
space’s or Riem(Σ)’s analytic metric. This renders retopologizing to ensure Hausdorffness less practicable. The
problem here is that physical significance is now rather pertinent. If use of such a metric were to be attempted, it
would in particular need to be shown to meaningfully coexist with spacetime causality.
Remark 3 Superspacetime being non-Hausdorff versus Superspace being Hausdorff gives a purely classical reason
to favour working dynamically rather than with spacetime.
Remark 4 Wheeler [43] gave various distinct quantum reasons for doing this as well. These are however best left
to articles on Constructability [256, 261, 265].

23
23.1

Five further strategies for dealing with stratification
Strategy 5: Avoid Strata by sticking to the (Killing-)Genericity

Remark 1 Stratification is a persistent consequence of symmetry, but can be avoided by building in a small defect in
the first place. Mediaeval cathedral builders incorporated a small ‘countertwist’ so as to ‘ward off the devil’ provides
a vivid parallel [242].
Remark 2 This can be viewed as a type of Unfold. Indeed, it is a version of this in which one which can involve
more realistic modelling. This is since small defects abound in actual systems being modelled.
Remark 3 Models lacking symmetry are moreover generic in the sense of possessing no GKVs. Models with GKVs
are of measure zero on the set of all possible absolute space manifolds.
Example A Thus Shape Theories or spatially-nontrivial RPMs are measure zero as well. It is a geometrical statement
that Shape Theory and RPM are small subjects.
Remark 4 The generic alternative comes moreover with its own problems, so we have a case of ‘you are damned
if you do and you are damned if you do not’. Each ‘damning’ is furthermore rather different from the other in the
manner of Scylla versus Charybdis. This is with reference to a classical tail, in which sailing past Sicily gives no
choice but to sail through the abode of one mythical monster or the other. Our particular dilemma additionally
carries considerable Absolute versus Relational Debate significance.
Global Problem O.47: Scylla Consider ab initio absolute-space symmetry. This in general leads to r-configuration
spaces that are complicated by ‘stratification arising from symmetry’. Its strata moreover retain some topology and
symmetry information about this choice of absolute space. Thus such quotienting fails in its relationally desirable
intent to free the modelling of all trace of absolute space. There are two further complications. Firstly, stratification exceeds fibre bundle modelling’s capabilities. This necessitates, rather, general bundles, presheaves or sheaves
thereover (Sec 20). Of significance to the above Debate, this occurs since the model’s strata remember some of
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the symmetry information about the ab initio absolute space. One observes this even after the corresponding automorphism group has been quotiented out [242]. Secondly, stratified manifolds can moreover be merely-Kolmogorov
separated rather than Hausdorff-separated. Finally, merely-Kolmogorov stratified spaces have considerably less
‘spaces thereover’ technology worked out for them.
Global Problem O.48: Charybdis Consider instead a generic asymmetric ab initio absolute space. E.g. through
incorporating small defects to nullify any symmetry that would elsewise be present. This case has no nontrivial
Configurational Relationalism. Thus its configuration spaces remain manifolds: free of strata, and thus fibre bundles
thereover suffice as well (no need for sheaves or differential spaces). One now however lacks computational tools since
so many of those are rooted in symmetry, of which we have not a shred left. (E.g. [234] conservation, perturbation
expansions, special functions, special forms taken by metrics...) Such exact symmetry methods have hitherto greatly
been relied upon in Theoretical Physics, and to some extent in Applied Mathematics as well. (Applied Mathematics
has also relied upon these to some extent.) Charybdis’ whirlpool is computational desolation arising from asymmetry.
Remark 5 To reiterate, above two types of memory are in retrospective not surprising. Quotienting out the
automorphism group is a differential-geometric matter. This is clear from Best Matching starting with Lie derivative
corrections. This comes with no guarantees about controlling the model’s topology. The differential manifold
category m∼an is moreover not in general well-behaved under quotients. Symmetry information can thereby remain
topologically recorded as strata. Even as quotienting out the automorphism group erases differential-geometric
symmetry information. Finally contemplate the the relationalists’ quest to free Physics of any imprint of absolute
space using merely differential-geometric tools such as Best Matching. It is now clear that this succumbs to the
Scylla of ‘stratification from symmetry’. Further attempts to continue this route are forced to work at the topological
level.
Remark 6 On the one hand, Scylla is particularly formidable when merely-Kolmogorov [201, 232], rather than
Hausdorff, stratified spaces ensue. On the other hand, the asymmetric models leading to Charybdis are moreover
generic in the GKV sense. Nontrivial Kendall-type Relational Theories are thereby of measure zero on the set
of all possible absolute space manifolds. This is a useful observation given recent proliferation of at least partly
solvable models in this subject [155, 212, 207, 225, 231, 248, 249, 250, 241, 243, 241, 267]. The trivial shape theories
thereupon involve mere product spaces rather than nontrivial quotients, and thus remain manifolds rather than
becoming embroiled with strata.
Remark 7 For arbitrary carrier space, Configurational Relationalism occurs but nongenerically. If it does occur,
most cases are badly-behaved (merely-Kolmogorov) and are discarded as unphysical, but some cases survive. If it
does not occur, Background Independence induces one less Problem of Time facet in the corresponding models.
Example B Gauge Theory is not sacrificed in this way (though gauge groups are sometimes partically broken after
an unbroken set-up).

g

Example C For GR, the reduced configuration space eom(Σ) for Σ generic remains a quotient space by the
corresponding automorphisms: Dif f (Σ). This however remains free of strata since generic topological manifolds
admit solely the trivial isotropy group. 1960’s Geometrodynamics [45, 55, 56] used highly symmetric Σ (in particular
S3 or T3 ), i.e. Scylla. 1990’s Geometrodynamics [145] however also contemplated generic Σ’s Charybdis. Lack of
symmetry is also generic here, now characterized by lack of Killing vectors specifically. This sharpening is due to GR
concretely being at the metric level of structure. Once again, one is then however unable to proceed with almost any
standard GR calculations. For almost all of these are rooted in [176] symmetric rather than generic Σ (or expansions
thereabout).
Remark 8 It took until 2018 however for Kendallian Shape Theory’s [96, 155, 231] and RPM’s [87, 190, 207, 234]
symmetric Scylla to pick up a [242, 245] generic Charybdis counterpart.
Remark 9 While in the GR case our defect needs to be a topologically-nontrivial twist, in Relational Mechanics or
Shape Theory, a merely-geometrical ‘bump’ suffices. Such bumps can moreover be physically-motivated.
Remark 10 Remark 7’s commentary does not however apply in the case of GR, where there is still a momentum
constraint to solve even when there is no stratification. What does occur in this case is a globally better behaved
Configurational Relationalism resolution. Namely, one of Bartnik and Fodor’s two locality criteria for the GR Thin
Sandwich – avoiding metrics with Killing vectors, which amounts to avoiding strata – disappears. There is however
still no known concrete method for solving the Thin Sandwich globally.
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Global Problem O.49 There is moreover a further problem in the ‘incorporating small defects’ approach. I.e.
showing that if the small defects one includes are arbitrary, then the resulting Relational Theory can make at least
approximate predictions independent of the form of the defects incorporated. Even if the defects one includes are
observed, one would need to show stability to the inclusion of even smaller defects. In certain locations and/or
beneath certain scales, these would become arbitrary.
Remark 11 For the rest of the current Series, we concentrate instead the inner workings for carrier spaces with
generalized symmetries that lead to strata.

23.2

Strategy 6: Local Modelling

Remark 1 Suppose we Accept Strata but not in the generic context. Then we can elect to work in a local piece of
model chosen to only contain a piece of principal stratum. This however both incurs further technical problems and
is clearly not global. It matters less then how we excise or blow up strate if our local chunk does not intersect the
region where such procedures occur.
Remark 2 Accept has the consequence of fibre bundles not sufficing. General bundles are needed instead, or
presheaves (which might extend to sheaves that have further technical power as per Sec 20.4).
Remark 3 The LCHS world does well enough with this: Pflaum [164], Kreck [205], or with differential space parallels.
Remark 4 All of the above having been given (in more detail in various previous accounts [234, 246, 247] we now
however posit 2 further possibilities. These have not pointed to hitherto in any of the literature on Relationalism or
subsets like Shape Theory, N -Body Problem, Image Analysis, gauge (so far as the author is aware).

23.3

Strategy 7: Spectral Approach

Use Spectral Geometry [179] in place of (generalized) Killing equations.
Global Problem O.50 This is more ad hoc than the next approach. E.g. which PDE on the manifold is one to
consider the spectra of? Due to this, we do not for now elaborate on it any further.

23.4

Strategy 8: Holonomy Group Approach

This is a ‘local shape’ approach to Differential Geometry; it is new to the current article. Its relativistic counterpart
has seen some prior use. This amounts to working with (generalized) Killing transport equations [77, 83, 129, 195]
such as
v · ∇ ∇A ξB = v C RABC D ξD
(261)
in place of GKEs. A holonomic parallel of relational spaces
Shol =

S
Hol(S)

(262)

ensues. We now stake a claim on the ensuing Holonomic Shape Theories (and Holonomic Shape-and-Scale Theories).
Maximality is now guaranteed in each (as opposed to being highly nongeneric in the GKV case). Thus no strata
occur upon quotienting.

23.5

Strategy 9: Recategorize

This subcase of γ.xiii) is based on something like Diffeology, as developed by Iglesias-Zemmour [219]. We stake a
claim on Diffeological Shape Theory (and Diffeological Shape-and-Scale Theory). Here

sDiffeol

=

sDiffeol
Aut(CarrierDiffeol )

.

(263)

£ continues to exist in diffeology. Variational principles do as well. Killing vector concepts have issues with Diffeology
itself not being set up to handle vectors. Strata are avoided here by, firstly, equidimensionality, and secondly, by
categorical closure. By so doing, we would not then need to evoke general bundles or (pre)sheaves as regards global
Relationalism.
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Global Problem O.51 Does nature realize this recategorization? Recategorizations more generally? To what
extent a matter of picking modelling assumptions from a set of such that cannot be distinguished by observation,
and to what extent is it a physically fundamental choice?
Research Projects Give detailed exposition of Strategies VI to IX.
End-Note These offer potential ‘alternative sea routes around Sicily’ to those menaced by Scylla and Charybdis.
For to the conceptual thinker, dilemmas often fall to dreams of further prongs.

24

Conclusion

While some preliminary Problem of Zeros, Infinities and Nonsmoothnesses (PoZIN), local approximation, ellipticity,
GKE and fibre bundle results (including monopoles ang Gribov effect) apply, the bulk of and deep end among this
Article’s global results is based on stratification. This is because the Great Map Quotientize very generally produces
stratification (at least when operating in the usual kind of differential-geometric categories that the classical Laws of
Physics are usually modelled with). Classification of severity of stratified spaces was given, with separate properness
and metric space criteria guaranteeing nice (in particular Hausdorff) stratified spaces, and nine strategies for handling
strata. Further input from slices, and from pairing each of differential spaces and sheaves with stratified spaces was
given. The last two of these are for LCHS (with an earlier version of the latter for LCHP). With LCHS ⇒ P,
this stacks with Article –1’s use of HP spaces. HP furthermore reduces sheaf cohomology to Čech cohomology. A
list of Algebraic Topology and Differential Topology results carrying over to stratified manifolds (sometimes LCHS
specific) is provided in Appendix B.
Some of the current article’s other highlights are as follows.
i) Merely-Kolmogorov straified spaces: affine and projective shape spaces, events relational space and GR

geom(M).

ii) Four new strategies: Local Shape Theory, Holonomic Spectral Shape Theory and Recategorizing Differential
Geometry to something like Diffeology.
iii) Application of (GKV) genericity – well-known for GR configuration spaces – to Shape Theory and RPMs as well.
iv) Reconciliation of Image Analysis and Computer Vision literature on the one hand and GR configuration spacetime
literature on the other. This gives a better behaved apprach with a distinct topology to the former tow subjects’
joint theory.
Quantum motivation for Accept strategies follows from QM’s global sensitivity to configuration spaces. Using generic
unstratified is also acceptable, as is physically motivated unfolding. Unmotivated unfolding and excision are not
motivated. It is too early to say whether any of the four new strategies have further Quantum motivation.
Our fibre bundle results play out again in the stratified case. While we view article 1 as more centric, its own long
list of globalizations substantially interacts with the strata induced by the current article.
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A

Categories

Definition Categories [199, 152, 109] C
= (O, M ) consist of objects O and morphisms M : the maps between the
∼
objects, M : O −→ mO, alongside the following.
i) A rule assigning a domain dom f and a codomain cod f to each f ∈ M .
ii) An identity morphism 1O : O −→ O.
iii) A composition f2 f1 for each pair of morphisms f1 , f2 such that cod f1 = dom f2 .
Functors are maps

F

: C
∼

1

−→ C
such that
∼
2

i)
dom F f =

F (dom f ) and

cod F f =

F (cod f ) .

(264)

ii)

F (1O )

= 1F O .

(265)

iii)

F (f1 f2 )

=

F (f2 ) F (f1 )

∀ f2 f1 defined in C
.
∼

(266)

Remark 1 ‘Co’ is used in this context to indicate that the map runs in the opposite direction. The two ensuing
cases are termed covariant and contravariant functors.
Example 1 s∼et is the category of sets; per se this is foundationally trivial, though indirectly it plays a repeated role
in the developments below.
Example 2 group is the category of groups.
∼

Example 3 Vec
is the category of vector spaces.
∼
Example 4 The category of topological spaces Top played a substantial role in the historical development of this
∼

subject in support of the development of Algebraic Topology.

Definition 2 Functor categories are categories of maps between categories.
Definition 3 A natural transformation is a morphism of functor categories themselves:

N

:

F

⇒G;

some authors have argued that these are the core of Category Theory.

NO

:

FO

−→

GO

(267)

N maps O

−→ M such that
(268)

and the diagram in Fig 25 commutes for any

F

: O1 −→ O2 .

(269)

Example 5 (Co)homology can be understood as functor categories [152]. Cohomology indicates functor contravariance to homology’s functor covariance. Characteristic classes provide a second example of natural transformations.
This perspective also points clearly to (co)homology having a considerably broader range of applicability than that
of the first (de Rham) physical application of these. This is because what (co)homology functors do is to associate
Abelian categories to given non-Abelian ones. The latter are then simplicial complexes in the simplicial case differentiable manifolds in the de Rham case, covers for topological spaces in the Čech case, Poisson manifolds in the
Poisson case, Koszul complexes in the BRST case, and maps between Lie groups in Constructability’s case.
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Figure 25: Commuting square for natural transformations.
Example 6 Category Theory helps understand how Lie algebroids and groupoids [180] generalize Lie algebras and
groups.
Non-example 7 It would be nice if Quantization itself were in general a clear-cut functor, but it is not in general
[234].
Non-Example 8 Arenize is not in general either.

B

Further advanced tools available for (some) stratified spaces

These include the following carrying over to stratified manifolds.
a) A fair amount of Algebraic Topology [205]:
a.1) Mayer–Vietoris composition principle for homology (see [159, 162] for the standard case).
a.2) Künneth product formula (see [162] for the standard case).
a.3) Cohomological cup product operation (see [162] for the standard case).
a.4) Poincaré duality (see [42, 90] for the standard case).
b) Various crucial generic Differential Topology techniques:
b.1) transversality [110, 205] (see [68, 74] for standard case).
b.2) Morse Theory [110] (see [149] for introduction to the standard case).
b.3) Characteristic classes [136].
c) At the level of Differential Geometry,
c.1) at least some approaches’ Lie derivatives are explicitly set up in the literature [217, 219].
c.2) Flow PDEs carry over, including global treatments to the extent of producing maximal integral curves [217],
feeding into Article 2.
Our modelling context moreover involves differential-geometrically standard Lie groups acting to form stratified
spaces in the first place. So we do not need to consider generalizing Lie groups to ‘groups that are also stratified
manifolds’.
d) Stability Theory has long required study on singular spaces [68, 69].
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