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TOPOLOGICAL-LEVEL GRAPH THEORY OF PACKING EQUAL DISCS IN A SQUARE
Abstract
At the topological level, some of Geometrical Packing Theory’s information remains encoded in Graph Theory
form. For packing equal discs in a square (recently relevant as a model of social distancing) we show that this
topological-level structure takes the form of subhexic planar graphs. We clarify what numbers and fractions
entering this geometrical optimization problem are in terms of Graph Theory concepts, as well as providing
various inequalities between them. Removing outermost vertices twice plays a meaningful role, giving interior
graphs nested inside kissing graphs nested inside contact graphs. We provide these three graphs for N = 1 to 25
discs, alongside large-N behaviour.
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Introduction

If one tries to pack objects together in Rp , for p ≥ 2 most objects do not fit together to fully fill this space. Tessellations
[17] are the exception in this regard, whereas packing [5, 23, 25, 38] with up to some maximal efficiency1 is the norm.
The case of packing equal-sized discs in the whole of Rp was posed by Kepler [1], with Lagrange [3] proving that
hexagonal (h) packing is the most efficient such packing among 2-d regular lattices. Proving this to be optimal
over all arrangements took somewhat longer [8]. For 3-d, Newton [2] knew the right answer, but establishing the
optimality of this took rather longer [31].
Geometrical Packing Theory has received recent motivation a means of thinking about and planning social distancing
[43]. Many practical situations involve restriction to within regions of a given shape [25]. With right angles being
particularly common in the urban environment, there is current further motivation for looking at the packing circles
into squares problem [25, 38] and variants [42, 43]. We denote this particular case by ( N ◦; 2 ), standing for N discs
◦ in a square region 2. In 2-d, h continues to play an asymptotic and maximal packing efficiency role in this study;
see [43] for an outline. The alternative regular but less efficient square packing q also plays a role as regards some
optima O(N) for small disc number N and in some patches of structure more generally. Rectangular regions are
well-motivated as well [43] but prove to be rather harder and more time-consuming to study, so I first elect to study
the case of squares more thoroughly. A next step in this direction is to consider the topological level of structure in
the square case’s optima [13, 14, 16, 24, 18, 20, 21, 26, 32, 38]. ‘Topological’ here manifests itself as absence of length
or of R2 square-fitting embedding into flat R2 geometry; this admits a description in terms of Graph Theory (outlined
in Appendix A.1) in which adjacency information survives (Appendix A.2). This treatment permits numbers and
fractions [43] quantifying interior, walls, corners, kissing, contact, and rattlers in our packing problem to be grounded
in simple concepts from Graph Theory.
Contact γ , kissing κ and interior ι graphs are introduced in Sec 2, as nested subgraphs corresponding to successive
removal of leaves and twigs. Sec 3 includes demonstration that all our graphs are planar (Appendix A.6). Some
vestiges of h’s local and large-N roles remain visible and determining in the current article’s topological-level study.
The maximum kissing number for equal discs in 2-d being 6 is one such vestige (the 3-d counterpart is 12 [2, 27]).
That our kissing κ, contact γ and interior ι graphs are ‘subhexic’ arises from this. Via Appendix A.6, this can
also be linked to a bound ([28, 29, 35, 30] and Appendices A.1-A.2) on the number of edges that are possible in a
planar graph. On the other hand, square packing q quite frequently features in smaller N packing optima [38, 43].
In this case, a more stringent subquartic bound applies which can be liked to girth-4 planarity in Graph Theory. In
the process, some truer names and cleaner variables are found for our packing problem’s numbers and fractions, as
well as some Graph-Theoretically meaningful gaps which various further such quantifiers are introduced to bridge.
Various inequalities between our quantifiers are pointed out, including, aside from subhexic and subquartic bounds,
and inequality by which twigs bound the extent of kissing. Sec 4 gives the first 25 examples for each of κ, γ and ι
alongside brief mention of select further Graph-Theoretically significant larger-N examples. Sec 5 considers further
properties of the first 25 examples: Graph Theory’s connectivity (Appendix A.2), Eulerianness, Hamiltonianness
(both outlined in Appendix A.3), as well as comparison between leaves and twigs (Appendix A.5) on the one hand
and more common metric notions of peripheralness on the other (Appendix A.4). Sec 6 entertains instead large-N
behaviour.
1 See

[43] for a conceptual outline of notions of packing efficiency and number density.
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2.1

Graphs for packing problems
The kissing graph

Definition 1 The kissing graph κ(Q) for the configuration Q is the graph with packed objects as its vertices and
object–object contact points as its edges.
Remark 1 Its vertex number |κ| encodes the number of discs N, while its edge number E(κ) encodes the number
of object-to-object contact points O. The degree v(wk ) of each vertex wk ∈ V(κ) encodes the local number of
object-to-object contact points O(wi ), sometimes alias kissing number. E(κ) thus also picks up the alias of average
kissing number.
Definition 2 The minimal and maximal kissing numbers are

κ(Q)’s minimal and maximal valencies,

min
max
Kmin := δκ(Q) := κ ∈ κ(Q) v(κ) , Kmax := ∆κ(Q) := κ ∈ κ(Q) v(κ) .

(1)

In fact, what we refer to as maximal kissing number here is quite widely referred to as just kissing number.
Definition 3 The kissing density is
o :=

O
E(κ)
=
= e(γ ) :
N
|κ|

(2)

the density of the kissing graph.
Remark 2 Since our main endeavour is comparing different N’s optima, fractional alias ratio versions of concepts
(straight lower-case) are more immediately useful to us than numbers (straight upper case); non-independent ratios
are accorded calligraphic letters.
Remark 3 By contact information including topological adjacency (Appendix A.2, it retains some meaning at the
topological level.
Remark 4 The local versions of these numbers are locally useful in presentation, by clearly asserting what locally
touches what versus what does within the resolution of the picture.
Structure 1 We denote our problem’s specific optima’s kissing graphs by
kissing graphs
K.

κ( N◦; 2).

Let us introduce the space of
(3)

Our problem’s more specific space of kissing graphs are
K( ◦; 2 ) =

N;

(4)

indexed by N = |κ( N◦; 2 )|, this is a semi-infinite chain as indicated.
Remark 5 See Fig 1 for the topology of the optimal configurations for packing N = 1 to 25; see [38] for the disc
configurations themselves if required.

2.2

The contact graph

Definition 4 The contact graph

γ (Q)

(5)

for the configuration Q is the graph whose edges are all the contact points – object–object or object–wall – and
whose vertices are all the objects plus one fiduciary object per wall contact point.
Remark 6 This thus recovers [43] (overall) contact number
C := #(total number of contact points) ,

(6)

as E(γ ), and local contact number as the valencies v(wj ) for each vertex wj ∈ V(γ ). C also thus also picks up the
alias of average contact number. Local contact number is
C(wj ) := #(contact points on the nth packed object) .
2

(7)

Definition 5 The minimal and maximal contact numbers are

γ (Q)’s minimal and maximal valencies,

min
max
Cmin := δγ (Q) := κ ∈ γ (Q) v(γ) , Cmax := ∆γ (Q) := γ ∈ γ (Q) v(γ) .

(8)

Definition 6 Contact density as defined in [43] is
c :=

C
.
N

(9)

Structure 2 The space of contact graphs is
C,
with

(10)

C( ◦; 2 ) =

N

(11)

our problem’s more specific space of optimal contact graphs: another semi-infinite chain.

2.3

The interior graph

Definition 7 The interior graph

ι(Q)

(12)

for the configuration Q is the graph with packed objects unable to be in contact with walls as its vertices and kissing
points between these as its edges.
Remark 6 |ι| = I recovers [43]’s interior number, whereas v(wi ) are the valencies for each vertex wi ∈ V(ι).
Definition 8 The minimal and maximal interior numbers are ι(Q)’s minimal and maximal valencies,
min
max
Imin := δι(Q) := κ ∈ ι(Q) v(ι) , Imax := ∆ι(Q) := ι ∈ ι(Q) v(κ) .

(13)

Structure 3 The space of interior graphs is
I,
with

(14)

I( ◦; 2 ) =

N

(15)

our problem’s more specific space of optimal contact graphs: yet another semi-infinite chain.

2.4

Nested subgraphs

Remark 7 For a given Q,

ι(Q)

≤

κ(Q)

≤

γ (Q)

(16)

as subgraphs; the following definitions are then natural.
Definition 9 The order ratio of the kissing graph relative to the contact graph is
ωκγ :=

|κ|
|γ |

(17)

and the order ratio of the interior graph relative to the kissing graph is
ωικ :=

|ι|
|κ|

(18)

The size ratio of the kissing graph relative to the contact graph is
σκγ :=

E(κ)
Eγ )

(19)

and the size ratio of the interior graph relative to the kissing graph is
σικ :=

E(ι)
.
E(κ)

(20)

Each definition is for a given N.
Remark 8 The contact density c is not the contact graph’s edge density; rather,
e(γ ) :=

E(γ )
E(γ ) |κ
=
= c σκγ
|γ |
|κ| |γ |
3

(21)

2.5

Leaves and twigs

Remark 9 From a more structured point of view, leaing on Appendix A.5

and

V(γ ( N ◦, 2 )) − V(κ( N ◦, 2 ))) consists of leaves ,

(22)

V(κ( N ◦, 2 )) − V(ι( N ◦, 2 ))) consists of twigs .

(23)

|κ| − |ι| = T :

(24)

Thus
twig number, recovering [43]’s eponotational touching number, and non-twig number T = |ι|.
|γ | − |κ| = L :

(25)

W := #(total number of object-wall contact points) .

(26)

leaf number, recovering [43]’s wall number

Non-leaf number is L returns |κ| = N . Twig n-arity or leaf n-arity recovers local wall contact number [43]
W(wk ) := #(object-wall contact points on the kth packed object) .
Non-leaf fraction

L
|κ|
=
= ωκγ ,
N
|γ |

(28)

L
|γ | − |κ|
|κ|
=
= 1 −
.
|γ |
|γ |
|γ |

(29)

|ι|
= ωικ ,
|κ|

(30)

l :=
and leaf fraction
l :=

(27)

Non-twig fraction
t :=
and twig fraction
t :=

T
T
=
=
N
|κ|

κ|

− |ι|
.
|κ|

(31)

All quantities termed fractions in this article are [0, 1]-valued. κ, γ being the sole type of graphs this article applies
twig and leaf concepts to respectively, from now on we drop κ and γ labels for these notions.
Remark 10 L2 recovers corner number [43]
V := #(packing objects occupying corners) ,

(32)

E := #(packing objects touching the boundary but not occupying corners) ,

(33)

L1 recovers edge number [43]

and L4 6= 0 ( = 1 ) for N = 1 alone; no other Ln is realized.
Remark 11 Specht’s local notation involves radial lines from each disc centre to each contact point. This ‘star
notation’ is useful in rendering clear which boundaries are in contact versus which merely look like they might be
due to the separations in question being smaller than the figure’s resolution. This local notation is not quite a graph,
and yet all our graphs can be read off from this notation. Its completion by ‘grafting on’ leaf vertices to all wall
contact points produces our notion of contact graph. In contrast, its trimming by removing the wall ‘edges with no
end-vertex’ produces our notion of kissing graph. Finally, its further trimming by additionally removing twig vertices
and edges thereto produces our notion of interior graph.
Remark 12 It is clear from our definitions [including (146) and (147) as well as relabelling vertex complements with
0 subscripts] that
2
X
Ti ,
(34)
N = |κ| = T + T = |ι| + T1 + T2 =
i=0

4

|γ | = L + L , =

2
X

Li =

i=1

2
X

(i + 1) Ti

(35)

i=1

where (34)’s last equality and (35)’s last two are for N > 1. For N = 1, rather
T = T4 .

(36)

L = L4 = 4 T4 = 4 T = 4 |κ| = 4 N = 4 .

(37)

E(γ ) = E(κ) + L = E(κ) + L1 + L2 = E(κ) + T1 + 2 T2 ,

(38)

1 = l + l :

(39)

Thus also
complementary fractions. This description also holds for every other overlined and non-overlined lower-case pair in
this article.
2
X
ti ,
(40)
1 = t + t =
i=0

e(γ ) = e(κ) + l = e(κ) + l1 + l2 = e(κ) + t1 + 2 t2 ,

(41)

Remark 13 In terms of valencies,
∆
1 X
vκ (a) = E(κ) ,
2 a=1
∆
X

(42)

( vκ (a) − vι (a) ) = L

(43)

a=1

are clear, from the contact point conception [38], in which each object-to-object contact contributes
these two objects. So
h v iκ = e(κ) ,
h v iκ − h v iι = l ,

1
2

to each of
(44)
(45)

Remark 14 A different terminology for two significant outer layers is carapace followed by skin. This was used at
the metric level in [43], so we note in passing that leaves and twigs describe a residual topological component to such
layering structure. At the level of the contact graph γ , L counts the carapace’s vertex number whereas T counts the
skin’s.
Definition 10 Interior significance
I :=

|ι|
|ι|
=
.
T
|κ| − |ι|

(46)

We term [43] I < 1 touching dominance, I > 1 interior dominance, I >> 1 touching irrelevance, and I = 1
interior criticality.
Remark 15 Interior significance is not an independent ratio:
I =

T
T
t
= N =
.
T
T
t
N

(47)

Nothing else called ‘significance’ in this article is either, in each case by a parallel working. All significances are
ray-valued (i.e. taking values on R0 ).
Remark 16 With reference to (141), we term T > 1 twig dominance realized by the kissing graph as touching
dominance, T < 1 nontwig dominance realized by the kissing graph as interior dominance, T << 1 twig irrelevance
realized by the contact graph as touching irrelevance, and T = 1 twig criticality realized by the contact graph as
interior-to-edge criticality. Also interior significance is recovered as T −1 . Remark 7 is conceptually superior to [43]’s
exposition, by which the indicated names-and-notions are superceded.
Remark 17 With reference to (136), we term L > 1 leaf dominance realized by the contact graph as (topological)
carapace dominance, L < 1 nonleaf dominance realized by the contact graph as kissing dominance L << 1 leaf
irrelevance realized by the contact graph as carapace irrelevance, and L = 1 leaf criticality realized by the contact
graph as carapace-to-kissing criticality.
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Definition 11 The notion of corner significance used in [43] is recovered as
X :=

t2
T2
=
.
T1
t1

(48)

X < 1 is edge dominance, X > 1 corner dominance, X >> 1 edge irrelevance, and X = 1 corner criticality.
Remark 18 Some applications benefit from the fractional variables [a specialization of (143)]
t01 :=

T1
T2
, t02 :=
,
T1 + T2
T1 + T2

For instance, the second of these can be rearranged to


T1
0
=
t2 =
1 +
T2

1 + X −1

−1

(49)

.

(50)

Using this in place of corner density X additionally leads to Remark 3.10’s inequality being simplified to Lemma 3’s.
Remark 19 The notion of kissing significance used in [43] is
O
.
W

(51)

E(κ)
,
E(γ ) − E(κ)

(52)

K :=
The Graph Theory interpretation of this is
K =

which suggests the following simpler notion: a ratio of graph sizes.
Definition 13 The current article’s notion of kissing fraction is
k0 :=

E(κ)
= σκγ .
E(γ )

(53)

We term k0 < 1/2 wall-contact dominance, k0 > 1/2 kissing-contact dominance, k0 >> 1/2 wall-contact insignificance (meaning much closer to 1 than to 1/2) , and k0 = 1/2 kissing-contact-criticality.
Remark 20 k takes values in [0, 1] by virtue of
fraction. To convert previous results,
K =

κ being a subgraph of γ , or at the counting level, by its being a

1
=
E(κ)
− 1
E(γ )

k0 −1 − 1

−1

.

(54)

Remark 21 At the level of the contact graph γ , leaf significance is a combinatorial measure of the topological
carapace significance: carapace order relative to the kissing graph order. Contact graphs being the only type of
graph this article applies leaf concepts to, we from now on drop displaying γ dependence for these notions.

2.6

Further degree concepts: upper bounds, rattlers (and blues)

Remark 22 Some more detailed upper bounds are as follows.
w ∈ T0 (w) , v(κ) ≤ 6 ,

(55)

w ∈ T1 (w) , v(κ) ≤ 5 ,

(56)

w ∈ T2 (w) , v(κ) ≤ 4 .

(57)

0 ≤ T2 ≤ 4 :

(58)

Also
the square has at most 4 corners that can be occupied, and so
0 ≤ t2 ≤
6

4
|κ|

.

(59)

Definition 14 Rattlers [38] are defined to be discs with remaining degrees of freedom rather than rigidly fixed
optimal positions. Rattler number [43]
R := #(rattler objects among a given configuration’s packing objects)

(60)

is a given configuration’s count of rattlers, and rattler fraction [43]
r :=

R
.
N

(61)

Remark 23 Rattlers are identified as 0-valency vertices of the kissing graph. For now at least (N ≤ 25), the number
of connected components is
Z = R + 1
(62)
for R the number of rattlers.
Remark 24 Rattlers that can touch the boundary also count among the touching [38]; rattlers are placed so as to
not further break symmetry when possible. The analysis can however be carried out without this requirement. We
also have reason to combine Definitions 1 and 3 as follows.
Definition 15 Interior rattlers and touching rattlers are those which respectively are not, and are, cut off from being
in contact with a boundary. They are counted respectively by interior rattler number [43]
Rι = νι (0) ,

(63)

RT = νκ−ι (0) ,

(64)

and twig rattler number
respectively forming the interior rattler fraction [43]
νι (0)
|κ|

(65)

νκ (0) − νι (0)
.
|κ|

(66)

νι (0)
;
|ι|

(67)

rι :=
and the touching rattler fraction [43]
rT :=
The interior rattler significance [43] is
Rι :=

this needs N ≥ 5 to be well-defined) and can be graph-theoretically identified as the zero-degree fraction of the
interior graph. The twig rattler significance [43] is
RT :=

νT (0)
νκ (0) − νι (0)
=
.
T
|κ| − |ι|

(68)

Definition 16 corner rattlers are those have access to a corner, as counted by the corner rattler number
R2 := νκ (2) ,

(69)

whereas edge rattlers are those touching rattlers which do not have access to a corner, as counted by the edge rattler
number
R1 := νκ (1) .
(70)
The corner alias 2-twig rattler fraction
r2 :=

νγ (2)
R2
=
N
|κ|

(71)

r1 :=

νγ (1)
R1
=
N
|κ|

(72)

and edge alias 1-twig rattler fraction

are the corresponding proportions. The edge alias 1-twig rattler fraction is
r01 :=

R1
r1
:=
T1
t1
7

(73)

and the corner alias 2-twig rattler fraction [43] is
r02 :=

r2
R2
:=
.
T2
t2

(74)

Remark 25 Rattlers are also of degree zero in the contact graph, unless edge and corner ones are accorded maximal
contact (degree 1 and degree 2 respectively).
Remark 26 Specht’s diagrams’ blue discs mark a phase capable of having degree 1 or 2 or 3 in the contact graph
while not containing rattlers. Thus some blues, alongside rattlers, can be repackaged as degree 0, 1 or 2 vertices in
the contact graph: a Graph Theory and still topologically meaningful notion.

3
3.1

These graphs’ main features
Simple kissing inequalities

Lemma 1 For equal-sized discs as the packed objects, the kissing graph is locally and thus also globally subhexic.
I.e.
vκ ≤ 6
(75)
so
|E(κ)| ≤ 3 |κ| ,

and e(κ) ≤ 3 .

(76)

Proof i) There is room for ≤ 6 contacts round each disc. Then add, and divide by 2 as per Euler’s formula (118). 2
Remark 1 Which κ(◦, 2) for |κ| have a maximal number of edges follows from setting E(κ) = Emax as per (115)
and apply (76) to obtain
6 |κ| ≥ |κ| (|κ| − 1) ⇒ |κ| (|κ| − 7) ≤ 0 .
(77)
Since |κ| ≥ 0 , |κ| ≤ 7. Then exhaustively (Fig 1) |κ| = 1, 2, 3 are maximal while |κ| = 4, 5, 6, 7 are not.
Remark 2 Which
(76) to obtain

κ( N◦, 2 ) have sparser complements follows by setting E

= Ecrit as per (117) and again apply

12 |κ| ≥ |κ| (|κ| − 1) ⇒ |κ| (|κ| − 13) ≤ 0 .

(78)

Since |κ| ≥ 0 , |κ| ≤ 13. Then exhaustively (Fig 1) |κ| = 2 , 3 , 4 have sparser complements whereas
|κ| = 1 and 5 to 13 do not. The profitable ones are all small enough to be trivially well-known: D2 , D3 and P2 2
(the discrete graphs on 2 and 3 vertices and the union of two 2-paths).
Remark 3 For N large, subhexic means order-N−1 -sparse.

3.2

Simple contact inequalities

Remark 4 Elementarily, for N > 1,
T ≤ L ≤ T + 4.

(79)

Since each disc that is not an interior rattler has ≥ 1 contact point,
|κ| − RI ≤ E(γ) ≤ E(h) = 3 |κ| ,

(80)

E(κ) − RI ≤ E(κ) = E(γ ) − L ≤ 3 |κ| − L

(81)

using (76) for the last two steps.

follows restricting the interior rattler argument to object contact points, then (38), and finally (76) again.
Consequently, at the level of fractions,
4
,
|κ|

(82)

1 − rI ≤ c ≤ 3 .

(83)

t0 − rI ≤ e(κ) ≤ 3 − l .

(84)

t ≤ l ≤ t +

Remark 5 Euler’s degree-sum formula (118) gives
2 E(γ ) ≤ 6 t0 + 5 t1 + 4 t2 = 7 (t0 + t1 + t2 ) − (t0 + 2 t1 + 3 t2 ) = 7 |κ| − |γ | .
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(85)

Remark 6 Paralleling Sec 3’s Emax analysis now yields
|γ |2 ≤ 7 |κ| ≤ 7 |γ | ⇒ |γ | ≤ 7 .

(86)

Inspecting the first 3 contact graphs thus suffices (Fig 1), and none are complete.
Remark 7 Paralleling Sec 3’s Ecrit analysis now gives
|γ |2 ≤ 14 |κ| − |γ | ≤ 13 |γ | ⇒ |γ | ≤ 13 .

(87)

Inspecting the first 7 contact graphs thus suffices (Fig 1), and none have profitable complements.

3.3

Sharper inequalities for kissing graphs

Remark 8
E(κ) + L ≤ 3 |κ|

(88)

|κ| ( |κ| − 7 ) ≥ − 2 L ,

(89)

corrects (77)’s final inequality to
requiring L ≤ 6, by which the |κ| = 5 to 7 cases no longer need explicit checks.
Remark 9 It also corrects (78)’s final inequality to
|κ| ( |κ| − 13 ) ≥ − 4 L .

(90)

requiring L ≤ 10, by which the |κ| = 9, 11 and 13 cases no longer need explicit checks.

3.4

Twig-kissing inequality

Remark 10 Passing to leaf and twig conceptualization cleans up [43] an inequality for kissing significance from
( 1 − Rι ) I



1 + X −1

1 +

−1 −1

≤ K 1 + 2 i−1



I



1 +

1 + X −1

−1 −1

.

(91)

to the following for kissing fraction.
Lemma 4
1 +

T (1 + t02 )
−1

≤ k0 −1 ≤ 1 +

1 + 2t

T (1 + t02 )
.
1 − νι (0)

(92)

Proof Given that we have not previously presented the proof of inequalities (91), and that the proof of the Lemma
follows from these, we do so here.
For the first inequality,
K
C
C T
E + V
1 +X
=
=
≥ (1 − Rι )
= (1 − Rι )
,
O
I
O W
E + 2V
1 + 2X
WT

(93)

requiring N ≥ 5 so as to be able to divide by I.
1 + x
=
1 + 2x



1 + 2x
1 + x

−1


=

x
1 +
1 + x

−1
=

1 +

1
1
x + 1

!−1
=



1 +

1 + x−1

−1 −1

. (94)

Finally substitute (94) for x = X in (94).
For the second inequality, use the same moves except for
O ≤ 3 N − L = 2 N + O + E + V − (E + 2 V) ≤ 2 N + O − V ,

(95)

followed by dividing by O and applying the definition of i.
Then to prove Lemma 4 itself, substitute (54) in (91), using also (50) and the twig formulation’s notation for i and
RI . 2
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3.5

Seeking inspiration from graphically-similar models

Model 1 Basic structural problems from Chemistry [28], in which regularity, multiregularity and subregularity are
common. [Planarity is not however a necessity, since while Kuratowski subgraphs (Appendix A.6) would involve
heavily strained chemical bonds, taking homeomorphs (Appendix A.6) of these can ease this strain.]
Model 2 3-d convex polytopes [40, 19] can be represented by planar cubic graphs. In fact, 3-d polytope graphs are
the same thing as planar 3-connected graphs by Steinitz’s Representation Theorem.
Model 3 Knot shadows are 4-regular planar Eulerian 2-multigraphs (Exercise).
These similar problems prompt investigation into the planarity status of contact, kissing and interior graphs. We can
think of no a priori reason to envisage Eulerian, Hamiltonian or k-connectivity status playing a role in the theory of
these graphs.

3.6

Contact, kissing and interior graphs are planar

Representation Theorem 1 For finite graphs, planar ⇔ 2-d kissing:

p.

K(Q) =

(96)

Proof (⇒) In every case, the metric embedded contact graph provides a planar representative.
(⇐) By the Fáry–Stein–Wagner (FSW) Theorem (Appendix A.6), planar ⇒ rectilinear. Then place object contact
points midway on each edge, and join these to form connected non-overlapping packed objects in contact. To avoid
overlaps, pick an ordering of the objects as described. Each is initially a polygon P (n). If any points intruded into it,
excise with a rectangle, adding 4 vertices, so the ensuing region remains polygonal. The finite number of rectangles
ivolved can be chosen ‘in general position’ so as to avoid excising any contact points, by virtue of interval-valued
cuts being able to avoid a finite set of values. 2
Remark 11 In fact, a tighter result can be established, using arbitrary-sized discs as the objects in contact. This is
Koebe’s Theorem [7] alias Circle Packing Theorem, which Thurston more recently pointed to the applicability of [22]
to conformal mappings.
Corollary 1 Kissing graphs
ii) If

κ for equal discs packed into a square’s optima are i) planar subhexic graphs.

κ is additionally of girth g

= 4, they are planar subquartic graphs.

Proof i) Composing Lemma 1 and Theorem 1 will do, though planarity ⇒ (151) gives the subsequently useful tighter
bound
E(κ) ≤ 3 (|κ| − 2) = 3 |κ| − 6 .
(97)
ii) For girth 4, planarity ⇒ (153) gives the yet tighter bound
E(κ) ≤ 2 (|κ| − 2) = 2 |κ| − 4 ,

(98)

which is subquartic as claimed. 2
Remark 12 Not all subhexic planar graphs are however equal disc kissing graph optima. This is clear from there
quite generally being multiple of the first per N but only one of the second. The minimal counterexample is that D2
is planar subhexic but not such a kissing graph. So
K( ◦ , 2 ) ⊂

p(

≤ 6) .

(99)

Remark 13 While girth g = 6 gives subcubic graphs, girth this large does not appear to be realized among our
optima (at least not for N ≤ 200). On the other hand, g = 4 is relevant in the cases in which square lattices, or
loosenings of square lattices, are realized.
Lemma 2 For the packing equal discs into a square problem, the contact graphs, kissing graphs and interior graphs
are all subhexic and planar.
Proof

ι

≤

κ
10

≤

γ.

(100)

The kissing graph case has these properties, with its edge vertices moreover being subquartic. Extending κ to γ by
adding 1 or 2 leaves to each exterior twig preserves its planar subhexicity. These properties are moreover hereditary,
and are thus possessed by ι as well. 2
Remark 14 I.e. for each vertex w for which these quantities are defined,
vι (w) , vκ (w) , vγ (w) ≤ 6

(101)

E(ι) , E(κ) , E(γ ) ≤ 3 |κ| .

(102)

and
Representation Theorem 2 2-d For finite graphs, planar ⇔ 2-d contact:
C(Q) =
Proof

p.

(103)

κ(Q)’s planarity is preserved under adding leaves to form γ (Q), so
C(Q) ≤

But also Representation Theorem 1 gives that
contacts, so

p.

p = K(Q) and K(Q)
C(Q) ≥

(104)
≤ C(Q) by considering packings with no wall

p.

(105)

Together, (104, 105) give (103). 2
Remark 15 Face number is relevant (if not independent) for planar graphs, so tables of graphical numbers for
the contact problem shall include this. The conventional Euler relation (118) detects the plane and number of
components. We tabulate interior face number.

4

The 25 smallest examples (and select others)

Two key examples are κ(8) = 4-sun and κ(23) = 19-rose with corners. The 19-rose itself is one of the equal disc
packing inside a circle problem’s optima [41]. Some more key examples are highlighted in subsequent subsections.
Further Example 1 O(177) has a degree-2 vertex.
Further Example 2 In our range of N (and in fact for N < 200 [37, 38]),
Rι , RT , r1 , r2 << 1 .

(106)

Further Example 3 O(215) has various degree-1 vertices among its rather large proportion of blue vertices; however,
the combined degree-0 to degree-2 fraction still does not dominate.
Further Example 4 O(249) and O(252) are however all-rattler bar a single (edge!) blue in each case, and O(254)
is all-rattler bar two blues. This does away with the above inequalities being true for general N .
Further Example 5 While the blue phase attains a marginal majority for N = 446, it contains enough 3-valent
blues that it does not have 2-vertex dominance. One has to await O(992) for an overwhelming blue majority and for
valency-2 dominance.
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Figure 1: Contact, kissing and interior graphs for N = 1 to 25 equal-sized discs packed into a square’s optimal configurations.
Black denotes the internal graphs, with purple additions to that completing the corresponding kissing graphs and red additions to that
completing the corresponding contact graphs.
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Figure 2: Properties of smallest 25 interior graphs. Kn denotes complete graphs, Cn cycle graphs, Pn path graphs and overline for
path complement; see [36] for the Xn graphs. Yellow denotes first nontrivial value, orange denotes critical value and red denotes first
hitting generic qualitative range. In cases without a critical value, significant increments are marked in green.

Figure 3: Properties of smallest 25 kissing graphs. S4 is the 4-star graph.
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Figure 4: Properties of smallest 25 contact graphs. The first peripheral fail and the last peripheral success are indicators of the point
by which leaf and twig conceptualization becomes necessary.

5
5.1

Further Graph Theory properties
Connectivity

Proposition 1 Contact graphs

γ are never more than 1-connected.

Proof They always have at least one leaf, for if not the region is free to be shrunk until at least one object-region
contact point appears, by which the packing configuration is certainly not yet optimal. Then removing any leaf’s
twig vertex disconnects the contact graph. 2
Remark 16 For our examples,

5.2

κ(N) and ι(N) are never more than 3-connected.

Eulerian and Hamiltonian status

Theorem 3 For packing in a finite region, optimal contact graphs are never Eulerian or Hamiltonian.
Proof If it has at least one leaf, it has a valency 1-vertex, so Remark 6 of the Appendix gives the result.
But if it had no leaves, the configuration is not optimal since the packing region could be shrunk up to the extent at
which at least one leaf is formed. 2
Remark 17 See below for counterexamples to κ(N ◦; 2) and ι(N ◦; 2) graphs not being Eulerian or Hamiltonian. In
the case of Hamiltonianness, this includes interesting non-tabulated examples that cannot be removed by ‘removing
very small N by fiat’.
Remark 18 Planarity precludes Dirac or Ore’s Theorems (Appendix A.3) from applying for |γ |, |κ|, |ι| > 12.
Our smaller graph’s limited valencies somewhat further constrain this, by which exhaustion it is clear that these
theorems are never useful in our application. Sec 5.1’s preclusion of any of our graphs having 4-connectivity means
that Tutte’s Theorem (also in Appendix A.3) is not applicable either. The planarity whose sparsity lies at the root
of these preclusions however permits a distinct theorem about Hamiltonianness: Grinberg’s (Appendix A.6).
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Remark 19 For interior graphs, the Appendix’s Remarks 3 to 6 takes care of this for all bar ι(25) = 2 × 2 grid
and ι(23).
Remark 20 Neither of these are Eulerian, since grids, or graphs that have locally grid edge patches, have valency-3
vertices and are thus Euler–Hierholzer prohibited (Appendix A.3).
Remark 21 By putting Fig 5.a)’s numbers in Corollary A.3: 2 × 4 + 6 = 14 6 |4, the first of these is Grinbergprohibited and thus not Hamiltonian. The second of these cannot be Hamiltonian because its cutpoints preclude
getting back after passing through the ‘ears’ (c.f. black subgraph of 23 in Fig 1).
Remark 22 For kissing graphs, the Appendix’s Remarks 4 to 7 take care of all cases except κ(8) = 4-sun, κ(9) =
2×2 grid, κ(16) = 3×3 grid, κ(20) = 4×3 grid, κ(25) = 4×4 grid, κ(15), κ(24), and κ(23) = 19-rose with corners.
Remark 23 The 4-sun is (well-known to be) both Eulerian (Euler–Hierholzer enforced) and Hamiltonian (manifestly).
Remark 24 With all of κ(15), κ(24) and 19-rose with corners meeting Remark 15’s local grid edge patch criterion,
none of the other cases are Eulerian.
Remark 25 We have already treated a 2 × 2 grid in Remark 21. The 4 × 4 grid is also Grinberg-prohibited by
putting Fig 5.g)’s numbers in Corollary A.3: 2 × 16 + 14 = 46 6 | 4. The other 4 cases are not Grinberg-prohibited
as per Figs 5.b)-e), and are indeed Hamiltonian by the cycles exhibited in Figs 5.h)-k).
Remark 26 The 19-rose with corners is not Grinberg-prohibited by Fig 5.f): 1×16 + 2×6 + 14 = 42, 42/2 = 21
can clearly be made from 16 and this many 1’s and 2’s, by adding a total of 7. Fig 5.l) then cuts out a total of 7 to
indeed exhibit a Hamiltonian cycle.
Remark 27 Equal disc packing is such that it is rather hard for kissing graphs and interior graphs to avoid containing
valency-3 vertices. Eulerian such are thereby expected to be rather rare. Inspection of [38] up to N = 300 yields no
further Eulerian kissing or interior graphs. So I tentatively conjecture that there are no nontrivial Eulerian interior
graphs and no nontrivial Eulerian kissing graphs after the 4-sun. In contrast, going up to N = 25 is insufficient to
judge Hamiltonianness.

Figure 5: The graphs and paths that Sec 5 makes reference to.

5.3

Covering, independence, domination, clique

Remark 28 Clique number is bounded by degree ≤ 6 to 7 and by planarity to just 4.
Remark 29 There is so far no reason to suspect a strong pattern of covering [35], independence [35] or domination
[35] results, while clique number is of little relevance to this problem. Domination’s star subgraphs are a doublelength versions of the star conception of Specht’s local notation. Some types of of cut number are relevant to kissing
and contact. As some indication of sources of variety here, the metric level, moving the centre out of the 5’s optima
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loosens everything, but removing a disc from a thick enough patch of hexagonal packing leaves it rigid. This is
however better-suited to a more structured geometrical level of structural analysis.

5.4

Automorphisms

Remark 30 Topological kissing graphs can be more symmetric (with metric, embedding structure then breaking
this symmetry back to the automorphisms tabulated in [38]). For instance, minimal N for kissing graph asymmetry
is now 13 (to 10 with metric and embedding information included). Our table of topological kissing graphs includes
edge count O, component count and topological-level automorphism group. The following also make for useful
comparison: at the geometrical level, Sym(h) = D6 and Sym(q) = D4 : the dihaedral groups of order 12 and 8
respectively, whereas at the topological level, Sym(h) and Sym(q) are S3 × S2 3 and S2 3 respectively.

5.5

Comparison with metric notions of (second) perpheralness

We here compare our use of leaf and twig concepts with the more widely used concept of periphery that is rooted
on diameter, and thus on eccentricity and so on path-length.
Example 1 For N = 1 to 5, there is no difference: the leaves are precisely the periphery and the twigs are precisely
the penultimate periphery.
Example 2 For N = 6, 6 of the leaves are peripheral while the other two are second-peripheral. 3 of the twigs are
second-peripheral, while the other 2 are only third-peripheral.
Example 3 For N = 7, 8 there is again no difference, but 8 is the last case among our N ≤ 25 examples for which
this occurs.

6

N −→ ∞ asymptotics

Proposition 1 In this limit,
t , t1 , t2 , t02 , l , l1 , l2 , l02 , T , T1 , T2 , L , L1 , L2 −→ 0 ,

(107)

i = t = t0 , t01 , l01 , k0 −→ 1 ,

(108)

e(γ ) , e(κ) , e(ι) −→ 3

(109)

are certain, and
are expected (though fluctuations may preclude the limiting process to this h value from being well-defined). These
first two equations include edge dominance, interior dominance, and kissing dominance being attained as N −→ ∞.
Remark 28 Inequality (82) becomes doubly saturated as 0 = 0 = 0, while the upper parts of inequalities (83, 84)
become saturated as 3 = 3. The twig-kissing inequality (92) becomes doubly saturated as 1 = 1 = 1.
Remark 29 Small examples do not saturate these inequalities; indeed some opposite extremes
T = ∞,

(110)

t , t2 , l2 , t02 , l02 = 1 ,

(111)

e(ι) , e(κ) = 0
are attained for some small N (Figs 2 to 4).
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(112)

7

Conclusion

At the topological level, Geometrical Packing Theory becomes a matter of Graph Theory. At this level, the whole
problem becomes a contact graph γ , with significant kissing κ and interior ι graphs nested within, corresponding
to a two-stage removal of boundary contributions, which we describe as leaves and then twigs. This is a topological
counterpart to [43]’s metric level consideration of carapace and skin layers induced by the presence of the region’s
boundary.
Our main results are as follows.
0) All these graphs are planar and subhexic. This subhexicity corresponds to the infinite region’s more structured
packing problem being solved by hexagonal packing h, but also to a basic bound on the size (i.e. edge number) of
planar graphs that evokes no knowledge of this geometrical-level infinite-region optimum. Some small N’s packing
optima tap instead into the infinte-region-less-efficient square packing q, by which subhexic tightens to subquartic.
This can however once again be obtained in purely graph-theoretic terms as the size bound of girth-4 planar graphs.
1) Numbers and fractions previously used in studying our problem are reduced to combinations of i) graph orders,
edges and valencies and ii) differences and ratios (i.e. the most basic two relational combinations).
2) Contact graphs are at best 1-connected, while all of our small examples’ kissing and interior graphs are no better
than 2-connected. Contact graphs are never Eulerian or Hamiltonian, while kissing graphs can be both (though
none of our problem’s optima are Eulerian for 8 < N < 300. The N = 8 kissing graph that is Eulerian is the
rather well-known 4-sun graph. Some optima are grid graphs, including both ones that are prohibited from being
Hamiltonian by Grinberg’s Theorem and others which are not, for which I provided explicit examples of Hamiltonian
cycles. Among our small examples, the only other nontrivially-Hamiltonian kissing graph is N = 23’s 19-rose with
corners. The 19-rose is itself a rare example of a packing of equal circles into a circle [41] construct that manages to
feature within a packing equal circles into a square’s optimum.
3) The leaf and twig description first becomes distinct from a peripheral and secondmost peripheral description for
N = 6, while N = 8 gives the last coincidence between these two quantifications, at least among our small examples.
4) Using 2-twig fraction as a quantifier for corners simplifies inequalities bounding kissing significance.
5) Topological-level contact graph and kissing graph automorphism groups are in general distinct from the geometricallevel packing problems’ automorphism groups. One now needs N = 13 to obtain the first asymmetric kissing graph,
to N = 10 to obtain the first asymmetric equal discs in a square packing optimum.

7.1

Open questions

Question 1 Contact graphs would appear to never be asymmetric on the grounds that occupying at least one corner
is conducive to optimality, but I have not proven this.
Question 2 Observations that internal-rattler (degree 0), and degree-2, vertices are each capable of dominating
medium-sized optima begs the question of what is the distribution of the fractional count of each of these degrees
over N.
Question 3 2-twigs = corner vertices can only have valency 0 to 4, 1-twigs = edge vertices can only have valency 0
to 5, and remaining vertices (0-twigs for N > 0) can only have valency 0 to 6. This is a small enough range of vertex
values that it may be possible that keeping track of all degrees involved gives further and possibly more stringent
inequalities using manipulations along the lines of those used to prove Kotzig’s Theorem (Appendix A.6). Cases
exhibiting girth g = 4 moreover slightly further reduce valency range, posing a problem with fewer variables.
Question 4 Can the current article’s topological knowledge be further exploited upon reintroducing metric and
geometric R2 embedding features of the packing problem at hand?
[One complication to watch out for, upon returning to the geometrically-embedded level, is that some local girth-4
patches correspond to approximately-hexagonal packing with coordination number 4 rather than to square packing.
A typical medium-N optimum has some combination of these two, exact hexagonal, blue, and rattler patches, with
edge effects between adjacent patches as well as near the walls. A final motivation for proceeding via a topological
study is rooted in this simplification of types of patch manifested.]
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A
A.1

Supporting Graph Theory
Basics

Definition 1 A graph Γ is a pair consisting of a vertex set V = V(Γ) and an edge set E = E(Γ). It is of order
|Γ| = |V| – the number of vertices – and size E(Γ) = |E|: the number of edges. Each vertex w has vw edges meeting
thereat: the degree alias v
 alency of Γ. A graph’s minimal degree is denoted by δ(Γ) and its maximal degree by ∆(Γ).
Its edge density is
E(Γ)
.
(113)
e(Γ) :=
Γ
A graph’s complement is the graph with the same |Γ| and edge status of each pair of vertices reversed; we denote
this by Γ. We denote the space of graphs by
G.
(114)
Remark 1 A simple graph – meaning with no multiple edges between vertices and no loops – has a maximum of
!
|Γ|
|Γ| ( |Γ| − 1 )
Emax =
2
(115)
=
2
edges; this corresponds to
2 emax = ∆(Γ) .

(116)

If the edge number is smaller than
|Γ| ( |Γ| − 1 )
Emax
=
,
2
4
the complement has fewer edges, by which it is more structurally sparse and presentationally convenient.
Ecrit :=

(117)

Definition 2 A graph is k-regular if all its vertices have valency k. It is k-regular if its vertices’ valencies solely take
the values of components of the ‘multiregularity vector’ k. It is k-subregular if all vertices’ valencies ≤ k. Let us
denote the corresponding spaces of graphs by G(k), G(k) and G(≤ k) respectively.
Theorem 1 (Euler’s Degree Sum)
2 E(Γ) =

X

v(w) .

(118)

w∈Γ

For a k-subregular graph, this can moreover be expanded in terms of degrees as
2 E(Γ) =

k
X

i ν(i) ,

(119)

i=1

for
ν(i) := #(number of valency-i vertices in V(Γ)) .

A.2

(120)

Notions of topology on graphs

Definition 3 For Γ a graph, and w a vertex, the vertex x is adjacenct to w if there is an edge a joining x and w.
Remark 2 Adjacency has some topological content, as follows.
Definition 4 The set of vertices adjacent to a vertex w ∈ Γ is the neighbourhood N(w) of w.
Remark 3 Degree or valency can thus be phrased as
d(w) = |N(w)| .

(121)

Structure 1 Connectivity for graphs means [28, 35] path connectivity [34, 39]. Components are maximally connected
subsets. If this maximality returns the whole graph, then the graph is connected. If not, it gives a partition into
multiple disjoint connected components. A graph is k-connected [35] if k is the smallest number of vertices whose
removal leaves the graph not connected.
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A.3

Eulerian and Hamiltonian graphs

Definition 5 A graph is Hamiltonian if there is a cycle passing through every vertex in a graph precisely once.
Definition 6 A graph is Eulerian if there is a cycle passing through every edge in the graph precisely once.
Theorem 2 (Euler–Hierholzer Parity Theorem) A nontrivial connected graph is Eulerian iff all its vertices
have even degree.
Remark 4 It is a matter of interpretation whether the empty set viewed as the unpoint ungraph, and the point
viewed as the trivial graph, are taken to be Eulerian and/or Hamiltonian; we indicate this with bracketed ticks in
our tables.
Remark 5 Cycle graphs are both Eulerian (by Euler–Hierholzer) and manifestly Hamiltonian.
Remark 6 Disconnected graphs are neither.
Remark 7 Graphs with any valency-1 vertices are neither Eulerian (by Euler–Hierholzer) nor Hamiltonian (by not
supporting |Γ|-cycles).
Theorem 3 (Overcrowding Theorem) All graphs Γ with |Γ| ≥ 3 are Hamiltonian if at least one of the following
conditions hold.
i) All vertex degrees are ≥ |Γ|/2 (Dirac).
ii) All sums of degrees of non-adjacent vertex pairs are ≥ |Γ| (Ore).

A.4

Notions of distance on graphs

Definition 7 The distance between vertices x and y in a graph Γ is given by
min

d(x, y) =

paths P : x −→ y

( l(P) ) ,

(122)

for l(P) the path length: number of edges along the path P. [For x and y not path-connected, d(x, y) := ∞.]
Definition 8 The eccentricity e(v) of a vertex v is
e(v) :=

max
w ∈

( d(v, w) ) =
V (Γ)

max



w ∈ V (Γ)

min

( l(P) )
x −→ y

paths P :


.

(123)

Definition 9 The radius r(Γ) of a graph Γ is
r(Γ) :=

min
v ∈ V (Γ)

( e(v) ) =



min
v ∈ V (Γ)



max
w ∈ V (Γ)

min

paths P : x −→ y

( l(P) )


.

(124)

Definition 10 A vertex v is central if e(v) = r(Γ); the centre of Γ is the set of central vertices
C(Γ) := { v ∈ V (Γ) | e(v) = r(Γ)} .

(125)

Definition 11 The diameter r(Γ) of a graph Γ is
d(Γ) :=

v

max ( e(v) )
∈ V (Γ)
=

max
w, v ∈ V (Γ)



min
paths P :

( l(P))
x −→ y


.

(126)

Definition 12 A vertex v is peripheral if e(v) = d(Γ); the periphery of Γ is the set of central vertices
P(Γ) := { v ∈ V (Γ) | e(v) = d(Γ)} .

(127)

Definition 13 Let us term a vertex second peripheral if e(v) = d(Γ) − 1; the second periphery of Γ is the set of
central vertices
PP(Γ) := { v ∈ V (Γ) | e(v) = d(Γ)} .
(128)
Definition 14 The girth g(Γ) of a graph Γ is
g =

min
c ∈ Γ ( l(c) ) .

cycles

for l(c) the path length of cycle c. [For Γ acyclic, g(Γ) := ∞.]
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(129)

A.5

Some notions of outermost and penultimate layers

The following definitions are in the context of a general graph Γ.
Definition 15 leaf number
L := #(terminal vertices) ,

(130)

L := #(terminal vertices) .

(131)

and non-leaf number
Remark 8 Any number plus its bar is the order of the graph; presently,
L + L = |Γ| .

(132)

Definition 16 Leaf fraction
l :=

L
L
,
=
|Γ|
L + L

(133)

l :=

L
L
.
=
|Γ|
L + L

(134)

and non-leaf fraction

Remark 9 Any fraction plus its complement (overlined) is unity; so in the present case,
l + l = 1.

(135)

Definition 17 Leaf significance
L :=

#(leaf vertices)
l
L
= .
=
#(non-leaf vertices)
L
l

(136)

Definition 18 twig number
T := #(penultimately terminal vertices) ,

(137)

T := #(non penultimately terminal vertices) .

(138)

and non-twig number
Twig fraction (for Σ the de-leaved version of Γ)
t :=

T
T
=
,
|Σ|
T + T

(139)

T :=

T
T
=
,
|Σ|
T + T

(140)

t
#(twig vertices)
T
=
.
=
#(non-twig vertices in Σ)
t
T

(141)

non-twig fraction

and twig significance
T :=

Definition 19 An n-twig is a twig from which n leaves emanate; each of this n-tuple of leaves is said to be an n-leaf.
We use the notation (maximal twig n-arity) := m=: (maximal leaf n-arity).
Definition 20 The n-leaf number Ln and the n-twig number Tn of a graph are the number of n-leaves and n-twigs
it contains respectively. Correspondingly, n-leaf density
Ln
|Γ|

(142)

Tn
.
|Σ|

(143)

l0n :=

Ln
ln
=
,
L
l

(144)

t0n :=

Tn
tn
=
.
T
t

(145)

ln :=
and n-twig density
tn :=
The fraction of leaves that are n-ary is

and the fraction of twigs that are n-ary is
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Remark 10 Leaf number is a vertex-counting concept whereas twig number is an edge-counting concept. Each n-ary
version is a more detailed partition of the corresponding plain version:
T =

m
X

Tn

(146)

n=1

and
L =

m
X

Ln =

n=1

m
X

n Tn .

(147)

n=1

So also
t =

m
X

tn

(148)

n=1

and
l =

m
X

ln =

n=1

m
X

n tn .

(149)

n=1

Remark 11 Given our objects of study, we stop Appendix A.5’s leaf, twig (...) hierarchy at the removal of the
penultimate layer. I.e. we need to cover a total of 3 concentric layers, passing from the contact graph γ to the kissing
graph κ by de-leaving, and then from this to the interior graph ι by de-twigging.

A.6

Planarity

Definition 21 A graph Λ is planar Λ if it can be represented by a drawing in the plane. We denote the space of
planar graphs by p.
Remark 12 Planar graphs have a meaningful count of faces, F = |F(Λ)| for face set F the dual graph’s vertex set
and face degree fi the dual graph’s usual vertex degree.
Theorem 5 For a planar connected graph Λ, Euler’s formula is
F(Λ) − E(Λ) + V(Λ) = 2 ,

(150)

for F the number of faces, including the outside face (this is well-defined by the Jordan Curve Theorem [34]).
Theorem 6 (Planar Graph Sparsity Theorem For Λ planar, i)
E(Λ) ≤ 3 (|Λ| − 2) = 3 |Λ| − 6 .

(151)

ii)
6
6 (|Λ| − 2 )
−→
as .Λ −→ ∞
|Λ| ( |Λ| − 1)
|Λ|

(152)

g
(|Λ| − 2) .
g − 2

(153)

2g
|Λ| − 2
2g
1
−→
as Λ −→ ∞ .
g − 2 |Λ| ( |Λ| − 1)
g − 2 |Λ|

(154)

e(Λ) =
If Λ is additionally of girth g, iii)

E(Λ) ≤
iv)
e(Λ) =
Corollary 1 i) If Λ is of girth 4,

E(Λ) ≤ 2 (|Λ| − 2) = 2 |Λ| − 4 .

(155)

ii) If Λ is of girth 6,
3
3
(|Λ| − 2) =
|Λ| − 3 .
2
2
Remark 13 So planar Λ is always at least subhexic, and subquartic if of girth 4 and subcubic if of girth 6.
E(Λ) ≤

(156)

Corollary 2 A planar graph of order ≥ 4 must have ≥ 4 vertices of valency ≤ 5.
Remark 14 Every polyhaedral graph is planar.
Theorem 7 (Kotzig) [11, 29] Every polyhaedral graph has an adjacent pair of vertices with degree sum ≤ 13.
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Definition 22 A graph Ω is a homeomorph of a graph Γ if it is obtained from it by dividing edges via vertex insertion.
Theorem 8 (Kuratowski Planarity Obstruction Theorem). A graph is planar iff it does not contain a
homeomorph of the complete graph K5 or of the complete bipartite graph K3,3 .
Theorem 9 (Fáry–Stein–Wagner Representation Theorem). Every planar graph admits a straight line edge
representation.
Remark 15 Thus
(space of planar rectilinear graphs) , PR =

p.

(157)

Definition 23 For a degree-f face in a planar graph, its face index is f − 2. We also denote face index sum by
X
S =
fi .
(158)
i

Theorem 10 (Tutte 1956) [12] Every 4-connected planar graph is Hamiltonian.
Remark 16 The above theorems of Dirac, Ore and Tutte three results are only mentioned in the context of failing
to apply; they are defeated by contact, kissing and interior graphs’ sparseness. In contrast, Appendix A.3’s basic
results readily suffice to establish the Eulerian status of each of the current article’s specific graphs. A distinct planar
graph Hamiltonianness result which is moreover of some use in our study is as follows.
Theorem 11 (Grinberg) [15, 29, 35] Each Hamiltonian curve
between interior and exterior:
X
0 = ∆S := Sint − Sext =

c in a planar graph splits face index sums equably
X

fi −

c

i ∈ exterior( )

fi .

(159)

c

i ∈ interior( )

Remark 17 This is once again meaningful by the Jordan Curve Theorem.
Corollary 3 Hamiltonian planar graphs with purely even face sizes have
S = 0 ( mod 4 ) .

(160)

Remark 18 Grinberg’s Theorem is moreover constructively useful by telling us how much face index needs to be
cut out in forming a Hamiltonian cycle. At least for N > 25, this substantially cuts down on on options in forming
one, or all possible, Hamiltonian cycles.
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Topology preprint. Whatever practical applications are given in outline (or posed as physics questions) in this text should not be viewed
as recommendations, more than a few among many more options, suggestions of effectiveness, or free from side-effects or compromises
with other matters to take into consideration; any further disclaimer list items found to be necessary will be added. To avoid distortion
(including spreading outdated information from any earlier unamended versions), this preprint is not intended to be a subject of discussion
in the media, on social media, on non-scientific webpages in general, nor on STEM-themed webpages that are written however by people
who are not STEM PhDs. If you are reading this webpage out of following a link to, or mention of, this preprint on such (or any other
kind of nonscientific) sources, then know that at present such links or mentions were made without Dr Anderson’s permission.
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